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Abstract 

In this paper a general van Est type isomorphism is established. The isomorphism 
is between the Lie algebra cohomology of a bicrossed sum Lie algebra and the Hopf 
cyclic cohomology of its Hopf algebra. We first prove a one to one correspondence 
between stable-anti-Yetter-Drinfeld (SAYD) modules over the total Lie algebra and 
SAYD modules over the associated Hopf algebra. In contrast to the non-general case 
done in our previous work, here the van Est isomorphism is found at the first level 
of a natural spectral sequence, rather than at the level of complexes. It is proved 
that the Connes-Moscovici Hopf algebras do not admit any finite dimensional SAYD 
modules except the unique one-dimensional one found by Connes-Moscovici in 1998. 
This is done by extending our techniques to work with the infinite dimensional Lie 
algebra of formal vector fields. At the end, the one to one correspondence is applied 
to construct a highly nontrivial four dimensional SAYD module over the Schwarzian 
Hopf algebra. We then illustrate the whole theory on this example. Finally explicit 
representative cocycles of the cohomology classes for this example are calculated. 

1 Introduction 

Hopf cyclic cohomology was invented by Connes-Moscovici in 1998 [2]. It is now 
beyond dispute that this cohomology is a fundamental tool in noncommutative 
geometry. Admitting coefficients is one of the most significant properties of this 
theory [7, 6, 10]. These coefficients are called stable-anti-Yetter-Drinfeld (SAYD) 
modules [7]. 

A "geometric" Hopf algebra is a Hopf algebra associated to (Lie) algebraic group 
or Lie algebra via certain functors. Such Hopf algebras are defined as represen- 
tative (smooth) polynomial functions on the object in question or as the universal 
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enveloping algebras of the Lie algebra or even as a bicrossed product of such Hopf al- 
gebras. The latter procedure is called semi-dualization. The resulting Hopf algebra 
via semi-dualization is usually neither commutative nor cocommutative [11]. 

The study of SAYD modules over "geometric" Hopf algebras begins in [15], where 
we proved that any representation of the Lie algebra induces a SAYD module over 
the associated Hopf algebra. Therefore those SAYD modules are called induced 
modules [15]. We also proved that the Hopf cyclic cohomology of the associated 
Hopf algebra is isomorphic to the Lie algebra cohomology of the Lie algebra with 
coefficients in the original representation. 

In [16], the notion of SAYD modules over Lie algebras was defined and studied. It 
was observed that the corresponding cyclic complex has been known with different 
names for different SAYD modules. As the main example we proved that the (trun- 
cated) polynomial algebra of a Lie algebra is a SAYD module. The corresponding 
cyclic complex is identified with the (truncated) Weil algebra [16]. In the same 
paper we identify the category of SAYD modules over the enveloping algebra of a 
Lie algebra with those on the Lie algebra. 

Let us recall the main result of [16] as follows. For an arbitrary Lie algebra g, the 
comultiplication of U{q) does not use the Lie algebra structure of g. This fact has 
been discouraged attention in comodulcs over r/(g). It is shown that such comodulcs 
are in one to one correspondence with the nilpotcnt modules over the symmetric 
algebra S'(g*) . Using this fundamental fact we can identify AYD modules over 
[/(g) with modules over the semi-direct product Lie algebra g = g* XI g. Here 
g* = Hom(g, C) is considered to be a commutative Lie algebra and to be acted 
upon by g via the coadjoint representation. Wc show that the notion of comodule 
over Lie algebras make sense. Furthermore, SAYD modules over Lie algebras and 
the cyclic cohomology of a Lie algebra with coefficients in such modules is defined. It 
is shown that SAYD modules over U{q) and over g have a one-to-one correspondence 
and their cyclic homologies arc identified. 

Let g = gi [XI g2 be a bicrossed sum Lie algebra. Let us denote -R(g2) and U (gi) by 
T and U respectively. Here R{g2) is the Hopf algebra of all representative functions 
on g2, and U (gi) is the universal enveloping algebra of gi. A module-comodulc over 
Ti := J- X] U is naturally a module-comodule over U and comodule- module over 
J^. In [15], we completely determined those module-comodule whose Z//-coaction 
and J^-action is trivial. It is proved that such a module-comodule is induced by a 
module over g if and only if it is a YD module over H. 

Continuing our study in [15, 16], we completely determine SAYD modules over the 
bicrossed product Hopf algebra T-L = IF X\ U. Roughly speaking, we show that 
SAYD modules over T-L and SAYD module over g are the same. We then take 
advantage of a spectral sequence in [10] to prove a van Est isomorphism between 
the Hopf cyclic cohomology of % with coefficients in '^M^ = M <Si '^Cs and the Lie 
algebra cohomology of g relative to a Levi subalgebra with coefficients in a g-module 
M. 
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One of the results of this paper is about the SAYD modules over Connes-Moscovici 
Hopf algebras T-Ln- We know that T-Ln is the bicrossed product Hopf algebra of J-{N) 
and U (gl^) [13]. However, the group is not of finite type. So we cannot apply our 
theory freely on Tin- We overcome this problem by carefully analyzing the SAYD 
modules over Hn to reduce the case to a finite type problem. As a result, we prove 
that Tin has no AYD module except the most natural one, C^, which was found by 
Connes-Mosocovici in [2]. 

To illustrate our theory in a nontrivial example we introduce a SAYD module over 
the Schwarzian Hopf algebra His introduced in [2]. By definition, is a quotient 
Hopf algebra of by the Hopf ideal generated by 

S2 - 

Here Si are generators of ^(AT). So the Hopf algebra His is generated by 

X, Y, 6i 

As we know, His^^"^ is isomorphic to R{C) Xi U{glf^). So our theory guarantees 
that any suitable SAYD module M over 5/2 = glf^ ixi C will produce a SAYD 

module Ms over "His^^. We take the truncated polynomial algebra M = S{sl2)y^^ 
as our candidate. The resulting 4-dimensional SAYD module is then generated 

by 

1, 

with the T-Lis'^°'^ action and coaction defined by 
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The surprises here are the nontriviality of the action of 5i and the appearance of X 
and Y in the coaction. In other words this is not an induced module [15]. 

We illustrate our results in this paper on this example. We then apply the machinery 
developed in [13] by Moscovici and one of the authors to prove that the following 
two cocycles generates the Hopf cyclic cohomology of His^°^ with coefficients in 
Ms. 
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c°dd = 1 Si + 10" X + (g) 5iX + 10" 5iY + 2R^ ® Y, 
c^^e° = l<^X<^Y-l^Y^X + l<^Y<^SiY-K^ ^XYi^X 

- y2 (g, - y + (8) ® y + ® y2 ^ (5iy 
+ R^ X ® y2 + R^ ® y ® (5iy2 -R^^y^x-R^® xy^ ® Si 

- ® y3 ® + ^R^ ^Y^(^di- ^R^ (g) y2 ® - I-bX ® y2 ® 5i. 

O O t: ^ 

As can be seen by the inspection, the expression of the above cocycles cannot be 
easily found with bare hands. It is the mentioned machinery in [13] which allows to 
arrive at this elaborate formulae. 
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2 Matched pair of Lie algebras and S AYD mod- 
ules over double crossed sum Lie algebras 

In this section, matched pair of Lie algebras and their bicrossed sum Lie algebras are 
reviewed. We also recall double crossed product of Hopf algebras from [11]. Next, 
we provide a brief account of SAYD modules over Lie algebras from [16]. Finally 
we investigate the relation between SAYD modules over the double crossed sum Lie 
algebra of a matched pair of Lie algebras and SAYD modules over the individual 
Lie algebras. 

2.1 Matched pair of Lie algebras and mutual pair of 
Hopf algebras 

Let us recall the notion of matched pair of Lie algebras from [11]. A pair of Lie 
algebras (fli,fl2) is called a matched pair if there are linear maps 

a:02«)gi^g2, ax(C) = C<i^, : 02 0i ^ Si, /3(;{X)=C>X, (2.1) 
satisfying the following conditions, 



[C,(]>X = X)-C>{C>X), (2.2) 

C<i[X,Y] = {C<X)<Y - {C<Y)<X, (2.3) 

C>[X,Y] = [C>X,Y] + [XX>Y] + {C<X)>Y -{C<Y)>X, (2.4) 

[C,^]<X = [C<iX,C] + [C,^<X]+C<{^>X)-C<{C>X). (2.5) 

Given a matched pair of Lie algebras (01,02), one defines a double crossed sum Lie 
algebra 0i cxi 02- Its underlying vector space is 0i ©02 and its Lie bracket is defined 
by: 

[X (B C,Z ® ^] = {[X,Z] + C> Z - ^> X) ® {[C,^] + C< Z - C<X). (2.6) 

Both 01 and 02 arc Lie subalgebras of 0i cxi 02 via obvious inclusions. Conversely, if 
for a Lie algebra there are two Lie subalgebras 0i and 02 so that = 0i © 02 as 
vector spaces, then (01,02) forms a matched pair of Lie algebras and = 0i ix 02 
as Lie algebras [11]. In this case, the actions of 0i on 02 and 02 on 0i for C € 02 
and X G 01 are uniquely determined by 

[C,x] = c>x + c<x, ce02, XG01. (2.7) 

Next, we recall the notion of double crossed product Hopf algebra. Let {U, V) be 
a pair of Hopf algebras such that V is a right Z^— module coalgebra and U is left 
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V— module coalgebra. We call them mutual pair if their actions satisfy the following 
conditions. 

v>{u\^) = iv^^^>u\^^){{v^.^^<u\^^)>u^), l<u = e{u), (2.8) 
{v\^)<u={vU{v\^^>u^^^)){v\^^<u^^^), v>l = s{v), (2.9) 

Yl ^(1) ^1) ^ ^(2) ^ ^2) = ^(2) "(2) ^ ^(1) ^ ^1) • (2.10) 

Having a mutual pair of Hopf algebras, one constructs the double crossed product 
Hopf algebra U ixiV. As a coalgebra, cxi V is Z^(8) V. However, its algebra structure 
is defined by the rule 

{u^ CXI v^){u^ IX] u^) := i> ^i^(i)) (^^^2) ^'^2))^^ (2-11) 

together with 1 ixi 1 as its unit. The antipode of W ixi V is defined by 

Siu ^;) = (1 « S{v)){Siu) M 1) = S{v^^^)> 5(n, J M ^(t;^,)) <] 5(n,„). (2.12) 

It is shown in [11] that if a = gi txi 02 is a double crossed sum of Lie algebras, then 
the enveloping algebras {U (qi) , U {Q2)) becomes a mutual pair of Hopf algebras. 
Moreover, U{a) and U{qi) xi U{q2) are isomorphic as Hopf algebras. 

In terms of the inclusions 

ii ■■ U{qi) -^U{gi\xi 92) and 12 : U{e2) -^U{gi\xi 92), (2.13) 
the Hopf algebra isomorphism mentioned above is 

fio{h0 i2) : U{qi) m U{q2) ^ U{a). (2.14) 
Here ji is the multiplication on U (g) . We easily observe that there is a linear map 

^ : C/(02) U{gi) ^ C/(gi) ^ [/(g2), (2.15) 

satisfying 

ji o {i2 ® h) = IJL o {ii (g) 12) o . (2-16) 
The mutual actions of f/(gi) and C/(g2) are defined as follows 

> := (Id[/(g2) (g)e) o ^ and < := (e (g) Id[/(g^)) o * . (2.17) 

2.2 SAYD modules over double crossed sum Lie alge- 
bras 

We first review the Lie algebra coactions and SAYD modules over Lie algebras. To 
this end, let us first introduce the notion of comodule over a Lie algebra. 
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Definition 2.1. [16]. A vector space M is a left comodule over a Lie algebra Q if 
there is a map Tg : M — )■ g (g) M, m i->- m^ ^j (8) m^^^ such that 

"i[_2] A ® ?^^[o] = 0> (2-18) 

where 

By [16, Proposition 5.2], corcprcscntations of a Lie algebra g are nothing but the 
representations of the symmetric algebra <S'(0*). The most natural corepresenta- 

tion of a Lie algebra g, with a basis . . . , Xjv| and dual basis j^^, . . . , 

is M = S{g*) via m i-^ Xi ^ m6\ This is called the Koszul coaction. The corre- 
sponding representation on M = S{q*) coincides with the initial multiplication of 
the symmetric algebra. 

Next, let Tg : M ^ g (8) M be a left g-comodule structure on the linear space M. 
If the g-coaction is locally conilpotent, i.e., for any m G M there exists n G N 
such that ▼g(m) = 0, then it is possible to construct a [/(g)-coaction structure 
T(7 : M — )■ C/(g) (g) M on M, [16, Proposition 5.7]. Conversely, any comodule over 
U{g) results a locally conilpotent comodule over g via its composition with the 
canonical projection tt : C/(g) ^ g as follows: 

C/(0) 




We denote the category of locally conilpotent left g-comodules by ^conilA^, and we 
have flconilA^ = U(0)>f^ [16, Proposition 5.8]. 

Definition 2.2. [16]. Let M be a right module and left comodule over a Lie algebra 
g. We call M a right-left AYD module over g if 

Tg(m • X) = m(_^ ® m(„, ■ X + [m^.^ , X] ® m^^, . (2.19) 

Moreover, M is called stable if 

m(„, • m(_,, = 0. (2.20) 

Example 2.3. Let g be a Lie algebra with a basis . . . , X]\f^ and a dual basis 

1^^, . . . ,^^|, and M = S{g*) be the symmetric algebra of g*. We consider the 
following action of g on S{q*): 

S{9*)®9^S{q*), m(^X ^m<X := -Cxim) +6{X)m (2.21) 

Here, : g — > EndS'(g*) is the coadjoint representation of g on ^(g*) and 5 € g* is 
the trace of the adjoint representation of the Lie algebra g on itself. Via the action 
(2.21) and the Koszul coaction 

M^gOM, mn^XjO m0\ (2.22) 

M = 6'(g*) is a SAYD module over the Lie algebra g. 
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Example 2.4. Let g be a Lie algebra and M = S{q*)^^^^ be a truncation of the 

symmetric algebra of g*. Then by the action (2.21) and the coaction (2.22), M 
becomes an SAYD module over the Lie algebra g. Note that in this case the coaction 
is locally conilpotent. 

We recall from [7] the definition of a right-left stable-anti-Yetter-Drinfeld module 
over a Hopf algebra H. Let M be a right module and left comodule over a Hopf 
algebra H. We say that it is a stable-anti-Yetter-Drinfeld (SAYD) module over H 
if 

W{m-h) = S{\^^)m^_^^\^^ (»m^Q^ -/i^^,, (2.23) 
m^o^ ■ m^_^^ = m, (2.24) 

for any v (zV and h ^ 7i. 

According to [16, Proposition 5.10], AYD modules over a Lie algebra g with locally 
conilpotent coaction are in one to one correspondence with AYD modules over the 

universal enveloping algebra U{q). In this case, while it is possible to carry the 
g-stability to i7(g)-stability [16, Lemma 5.11], the converse is not necessarily true 
[16, Example 5.12]. 

A family of examples of SAYD modules over a Lie algebra g is given by the modules 
over the Weyl algebra D{q), [16, Corollary 5.14]. As for finite dimensional examples, 
it is proven in [16] that there is no non-trivial sZ2-coaction that makes a simple two 
dimensional s/2-niodule an SAYD module over sl2- 

Let (gi,g2) be a matched pair of Lie algebras, with a := gi txi g2 as their double 
crossed sum Lie algebra. A vector space M is a module over a if and only if it is a 
module over gi and g2, such that 

{m-Y)-X -{m-X)-Y = m-{Y>X) + m-{Y <iX) (2.25) 

is satisfied. In the converse argument one considers the action on M by 

m-{X®Y) = m-X + m-Y. (2.26) 

For the comodule structures we have the following analogous result. If M is a 
comodule over gi and g2 via 

m i-> mj_^j (g) mjQj G gi (8) M and m i-> rn^_^^ m^^^ G g2 (8) M, (2.27) 

then we define the following linear map 

m m|_y (g) m|„j + rn^_^^ (g) m^^^ £ a® M. (2.28) 

Conversely, if M is a o-comodule via Tq : M — > a (8) M, then we define the linear 
maps with the help of projections 
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M — ^a(8)M and M — ^0(8)M (2.29) 



Pi® Id 

"fl2 



P2<8>Id 



'01 

01 (8) M 02 ® M 

Proposition 2.5. A vector space M is an a-comodule if and only if it is a Qi- 
comodule and Q-z-comodule such that 

"^[-1] ® (-1) ® ^[0] <o> = ^{0) [-1] ® ^<-i) ® ^(0) [0] • (2-30) 

Proof. Assume first that M is an a-comodule. By the a-coaction compatibility, we 
have 



Applying the antisymmetrization map a : a A a ^ U{a) U{a) we get 



(2.31) 



(m(_jj 1)0(10 m(„, ) m(„, - (1 m^^, ) (m^.^ 01)0 mj^, 

+ (10 m^_^^ ) (m^,^ 1) m^^^ - (m^,^ 1) (1 m^_^^ ) m^^^ = 0. 

(2.32) 

Finally, applying Id '^£u{si)'^^U{s2)'^^'^ both hand sides of the above equation 

to get the equation (2.30). 

Let m I-)- m^^j m^^j G o M denote the o-coaction on M. Also let pi a ^ Qi 
and p2 : fl ^ 02 be the projections onto the subalgebras 0i and 02 respectively. 
Then the o-coaction is 

mj_^j0mjQj =pi(m^_^j) 0m^gj -Fp2(m^_i}) (8)m^^j. (2.33) 
Next, we shall prove that 

m i-^^ pi(m^_^j) m^yj € 01 M and m i-> p2("T'{_i}) ^tz^qj € 02 M (2.34) 
are coactions. To this end, we observe that the 

a(pi(m^_2j) Api(m^_^j)) 0m^oj = {Pi ^ Pi){a{m^_^^ A m^_^j)) m^^j =0, (2.35) 
for M is an a-comodule. 

Since the antisymmetrization map a : 0i A0i — )• U{gi) U{qi) is injective, we have 

Pi ) Pi ("^-{-1} ) ® "^-{0} = 0' (2-36) 

proving that m t-^ Pi{m^_iy) 'Sim^^^ is a 0i-coaction. Similarly m >-)■ P2('TZ^_i})<8'm^(,j 
is a 02-coaction on M. 

Conversely, assume that M is a 0i-comodule and 02-comodule such that the com- 
patibility (2.30) is satisfied. Then obviously (2.31) is true, which is the o-comodule 
compatibility for the coaction (2.28). □ 
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We proceed by investigating the relations between AYD modules over the Lie al- 
gebras 01 and 02, and AYD modules over the double crossed sum Lie algebra 
a = 01 00 02- 

Proposition 2.6. Let (91,02) be a matched pair of Lie algebras, a = 0i IX 02, and 
M G "conilA^o. Then, M is an AYD module over a if and only if M is an AYD 
module over 0i and Q2, and the following conditions are satisfied 

{m ■ (8> (m ■ X)^^^ = m^_^^ <X® m^^^ + m^_^^ (g) m^^^ ■ X, (2.37) 

m^_^^ >X® m^o) = 0' (2-38) 

(m • y),_^, ® (m • y)(„, =-Y> m(_^, ® m^^, + m^_^^ ® m^^, • Y, (2.39) 

y < m[_j, O m[o, = 0, (2.40) 

for any ^ € 0i, F G 02 and any m € M. 

Proof. For M G "conilAln, assume that M is an AYD module over the double 
crossed sum Lie algebra via the coaction 

m H-)- m^_^y (8) m^Qj = m[_^ (8) m^j + (8) m^^^ . (2-41) 

As the a-coaction is locally conilpotent, by [16, Proposition 5.10] we have M G 
'^^°->AyT>ij^a)- Then since the projections 

TTi : U{a) = C/(0i) M C/(02) ^ C/(0i), 7r2 : U{a) = C/(0i) M i7(02) ^ C/(02) 

(2.42) 

are coalgebra maps, we conclude that M is a comodule over U{gi) and [7(02). 
Finally, since U{qi) and U{q2) are Hopf subalgebras of U{a), AYD conditions on 
[/(01) and C/(02) are immediate, and thus M is an AYD module over 0i and 02- 

We now prove the compatibility conditions (2.37), . . . , (2.40). To this end, we will 
make use of the AYD condition for an arbitrary X © y G a and m G M. On one 
hand side we have 



, X © y] m^„j + (g) rn^^j ■ {X ®Y) 

[m^_^^ © 0, X © y] (8> TTijoj + [0 © m^_^^ , X © y] (g) m^g^ 



+ mj_^, (g) mjo, ■ (X © y) + m^_^^ (g m^^^ ■ (X © y) 
= ([m(_y ,X]-Y> m(_y © -y < m(_^ ) 



m. 



[0] 

+ ("i<_i) > © [m^_^^ , y] + m^_^^ < X) (g) m^g^ (2.43) 

+ (?«[_i] © 0) (g mjg, • (X © y) + (0 © rn^_^^ ) <g) m^^^ • (X © y) 

= ((?« • ^)[_ij © 0) © (m • X)j„, + (0 © (m • y)^_,^ ) ^ (m • y)^„^ 

+ (-y > mj_y © -y < mj_y) © m^j + (m^_j^ > X ffi m^_^^ < X) (g) m^^^ 

+ {m^_^ © 0) © mjoj • y + (0 © m^_^^ ) ® m^^^ ■ X. 
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On the other hand, 

(m • (X e y))^_^j ^ (m ■ (X © = ((m • © 0) ® (m • + 

((m • © 0) © (m • y)(„j + (0 © (m • X)^_^^ ) © (m • X)^^^ (2.44) 

Since M is an AYD module over Qi and 02, AYD compatibihty (2.43) = (2.44) 

translates into 

((m • y)(_^ © 0) © (m • y)(„, + (0 © (m • X)^_^^ ) © (m • X)^^^ = 

{-Y > mj_^ © -y < m(_j, ) © mjo, + (m^_^^ > X © m^_j^ < X) © m^(,> (2-45) 

+ © 0) © m^j • y + (0 © m^_^^ ) © m^^^ ■ X. 

Finally, we set y := to get (2.37) and (2.38). The equations (2.39) and (2.40) are 
similarly implied by setting X := 0. 

The converse argument is clear. □ 

In general, if M is an AYD module over the double crossed sum Lie algebra a = 
01 © 02, then M is not necessarily an AYD module over the Lie algebras 0i and 02- 



Example 2.7. Consider the Lie algebra sl2 = (^X, Y, Z ^ 

[Y,X] = X, [Z,X]=Y, [Z,Y] = Z. (2.46) 
Then, sh = 0i ix 02 for 0i = {X,y) and 02 = 



In view of Example 2.3, the symmetric algebra M = S{sl2*) is a right-left AYD 
module over 5/2- The module structure is defined by the coadjoint action, that 
coincides with (2.21) since 5/2 is unimodular, and comodule structure is given by 
the Koszul coaction (2.22). 

We now show that it is not an AYD module over 0i. Let be a dual 

basis for 5^2. The linear map 

Tgi:M^0i©M, X <^m9^ + Y ^m9'^, (2.47) 

which is the projection onto the Lie algebra 0i, endows M with a left 0i-comodule 
structure. However, the AYD compatibility on 0i is not satisfied. Indeed, on one 
side we have 

Tgi (m < X) = X © (m < X)9^ + y © (m <3 X)9^ , (2.48) 

and the other one we get 

[X, X] © m9^ + [y, X] © m9^ + X © {m9^) < X + y © {m9^) < X = 
X © (m < X)9^ + y © (m < X)9^ - y © m9^ . 
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Remark 2.8. Assume that the mutual actions of gi and 02 are trivial. In this case, 
if M is an AYD module over Qi ixi 02, then it is an AYD module over Qi and 02- 

To see it, let us apply pi (8>IdM on the both hand sides of the AYD condition (2.19) 
for X © G 0, where pi : o ^ 0i is the obvious projection. That is 

Pl{[m^_,y,X® 0]) m^„j <^ m^o} • © 0) 

Since in this case the projection : a ^ 0i is a map of Lie algebras, the equation 
(2.50) reads 

bi ("i{-i} m^,j + pi (m^_^j ) O m^oj ■ X = pi{{m ■ X)^_^y ) O (m • X)^^^ , 

(2.51) 

which is the AYD compatibility for the 0i-coaction. Similarly, one proves that M 
is an AYD module over the Lie algebra 02. 

Let a = 01 1X1 02 be a double crossed sum Lie algebra and M be an SAYD module 
over a. By the next example we show that M is not necessarily stable over 0i and 

02- 

Example 2.9. Consider the Lie algebra a = gh = (y^ ,¥2^ with a dual 

basis {9lelel9i]. 

We have a decomposition gl2 = 0i xi 02, where 0i = (Yi,¥2'^ and 02 = (Yi,¥2^. 
Let M := S{gl2*) be the symmetric algebra as an SAYD module over gl2 with the 
action (2.21) and the Koszul coaction (2.22) as in Example 2.3. Then the 0i-coaction 
on M becomes 

m I-)- m^_^^ (g) m^g^ = ¥1 ® m9\ + ¥2 mOl. (2.52) 
Accordingly, since 5{Yi) = = ^{¥2) we have 

We know that if a comodule over a Lie algebra is locally conilpotent then it can 
be lifted to a comodule over U{q). In the rest of this section, we are interested 
in translating Proposition 2.6 in terms of AYD modules over universal enveloping 
algebras. 

Proposition 2.10. Let = 0i ixi 02 he a double crossed sum Lie algebra and M 
be a left comodule over 0. Then a-coaction is locally conilpotent if and only if the 
corresponding Qi-coaction and Q2-coaction are locally conilpotent. 

Proof. By (2.29) we know that Tq = Tg^ + Tgj- Therefore, 
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By induction we assume that 

+ Yl "'[-Pi ® • • • "i[o] ® • • • ® "^[0] <-i> ^ ^10] <o> ' 

p+9=fe 

and we apply the coaction one more times to get 
▼^+i(m) = m(_^_y . . . O mj_^ (g) m^^, + ® . . . (g) m^_j^ (g) m^^^ 

+ 5Z "'[-P] • • • ® '^[-l] ® "i[0] "^[0] <-l> ® "i[0] <0> [-1] ® "^[0] <0> [0] 

p+q=k 

+ "^[-p] ®"^[0] (-«-!> ®---®"^[0](-l> ®"^[0](0> 

^+^=' (2.56) 
= ^i-k-i] «> 'Tip, + m^_k-i) ® . . . ® m^_^^ ® m^„^ 

+ H "'[-P] ® • • • ® "'[-U ® "'lo] <-«-!> • • • ® "'[0]<-i> ® "^loiw • 
p+q=k 

On the second equahty we used (2.30). This result immediately implies the claim. 

□ 

Let M be a locally conilpotent comodule over Qi and 02- We denote by 

M ?7(gi) (g) M, m i-> (g (2.57) 

the lift of the gi-coaction and similarly by 

M U{q2) ®M, m^—^ g) m^-^ (2.58) 

the lift of the g2-coaction. 

Corollary 2.11. Let a = 0i xi 02 be a double crossed sum Lie algebra and M G 
*conilA1o. Then the a-coaction lifts to the U{a)-coaction 

m ^ ® m,^ ^^^^ ® m^^ G C/(0i) x (02) ® M. (2.59) 

Proposition 2.12. Let = 0i cxi 02 6e a double crossed sum Lie algebra and 
M e "conilA^a. Then M is a AYD module over a if and only if M is a AYD 
module over 0i and Q2, and the following conditions are satisfied for any m G M , 
any u & U (01) and v & U (02). 

(m • u)^^ (g (m • u)^^ = m^—^ < u^^^ ® m^^ ■ u^^^ , (2.60) 

m^_^^ > n (g m^j^ =u®m, (2-61) 

(m • v)^ (g (m • v)^ = S{v^^^) > ® ■ v^^,, (2.62) 

V < ™'[^ ® ^''^m = V ®m. (2.63) 
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Proof. Let M be AYD module over a. Since the coaction is conilpotent, it lifts to 
an AYD module over U{a) by [16, Proposition 5.7]. We write the AYD condition of 
Hopf algebras (2.23) for u ixi 1 G U{a), 

(m • (m • u)^^^^^ ® (m • u)^^^^^ = 

(5(U(3)) l)(m,^, ® ^[^<-))Ki) ® 1) ® "^io](o> • K2) ® 1) = (2-64) 
-5(^(4) ("i[o] > «(i) ) ® <-) < ^(2) ® <o> • ^(3) • 

Applying e (8) Id Id on the both hand sides of (2.64), we get (2.60). Similarly we 
get 

(m • ® (m • = S{u^^^ )m^^ (m^^ ^^^^ > u^^^ ) ® m^, • n^^^ , (2.65) 
which yields the following equation after using AYD condition on the left hand side 

This immediately implies (2.61). Switching to the Lie algebra 02 and writing the 
AYD condition with a 1 ixi i> G U{a), we obtain (2.62) and (2.63). 

Conversely, for M G *conilAln which is also an AYD module over gi and 52, assume 
that (2.60),. . . ,(2.63) are satisfied. Then M is an AYD module over U{qi) and U{q2)- 
We show that (2.60) and (2.61) together imply the AYD condition for the elements 
of the form utxl e U{qi) cxi U (92)- Indeed, 

(m • u)^^ (m • ^3^^ (m • u)^ = 

-5(^(3) (^[0] • ^(2) )<^) ® (^[^ • ^(2) )<o> = ^2 67) 

-5(^4) )"^pi] ^(1) < ^(2) (o> • ^(3) = 

-5(^(4) {m^ > ^(1) ) ® "^[0] (-> < «(2) ® <o) ■ ^(3) ' 

where the first equality follows from the AYD condition on C/(gi), the second equal- 
ity follows from the (2.60), and the last equality is obtained by using (2.61). Sim- 
ilarly, using (2.62) and (2.63) we prove the AYD condition for the elements of the 
form 1 \xi V £ U (gi) cxi U (g2)- The proof is then complete, since the AYD condition 
is multiplicative. □ 

The following generalization of Proposition 2.12 is now straightforward. 

Corollary 2.13. Let {U, V) be a mutual pair of Hopf algebras and M a linear space. 
Then M is an AYD module over U t)<\V if and only if M is an AYD module over 
U and V, and the following conditions are satisfied for any m G M, any u eU and 
veV. 

(m • u)^_^ ® (m • u)^^ = m^—^ < u^^^ ® m^^ ■ u^^^ , (2.68) 
m^_^^ > n (8) m^j^ =u®m, (2.69) 
{m-v)^®{m-v)^ = S{v^^^) > ® ■ v^^,, (2.70) 
V < ™'[^ ''^iff^] = v®m, (2-71) 
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3 Lie-Hopf algebras and their SAYD modules 



In this section we first recall the associated matched pair of Hopf algebras to a 
matched pair of Lie algebras from [15]. We then identify the AYD modules over 
the universal enveloping algebra of a double crossed sum Lie algebra with the YD 
modules over the corresponding bicrossed product Hopf algebra. Finally we prove 
that the only finite dimensional SAYD module over the Connes-Moscovici Hopf 
algebras is the one-dimensional one found in [2] . 

3.1 Lie-Hopf algebras 

Let us first review the bicrossed product construction from [11]. Let U and F be 
two Hopf algebras. A linear map 

defines a right coaction and equips U with a right J-"— comodule coalgebra structure, 
if the following conditions are satisfied for any u £U: 

(8)'uW(2) ®ui^} = Ujj^W (8)'U(2)W (g)'U(^j{i>'U(2j{i}, £(txTO)n{i} = e{u)l. 

(3.1) 

We then form a cocrossed product coalgebra F XU. It has T ®U s& underlying 
vector space and the coalgebra structure is given by 

A(/ ►< n) = ►< t.(,/o} ® /(2)^i)^^> ►< e{f Xu) = e{f)e{u). (3.2) 

In a dual fashion, F is called a left ^—module algebra, if U acts from the left on F 
via a left action 

> : F ®U ^ F 

which satisfies the following conditions for any u eU, and f,gEF: 

u>l = e{u)l, u>{fg) = {u^^^> f){u^^^>g). (3.3) 

This time we can endow the underlying vector space F^U with an algebra structure, 
to be denoted hy F XlU, with 1 XI 1 as its unit and the product 

if Xi u){g Xi v) = f >gXi u^^^v. (3.4) 

A pair of Hopf algebras {F,U) is called a matched pair of Hopf algebras if they 
are equipped, as above, with an action and a coaction which satisfy the following 
compatibility conditions 

A(u > /) = u^^^m > /^^^ ^^^^{1} (n^^^ > /^^^), e{u > /) = e{u)e{f) (3.5) 
w{uv) = u^^^mym (g) ^^^^{1} > ^{1} )^ = 1 (g) 1 (3.6) 
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for any u eU, and any f E T. We then form a new Hopf algebra T XiU, called 

the bicrossed product of the matched pair [IF^IA). It has IF XU as the underlying 
coalgebra and X W as the underlying algebra. The antipode is given by 

S{f x^u) = {\X\ S{ui°^ )){S{fuW ) 1), f eT.ueU. (3.8) 

Next, we recall Lie-Hopf algebras from [15]. A Lie-Hopf algebra produces a bicrossed 
product Hopf algebra such that one of the Hopf algebras involved is commutative 
and the other one is the universal enveloping algebra of a Lie algebra. 

Let J-" be a commutative Hopf algebra on which a Lie algebra Q acts by derivations. 
Then the vector space F endowed with the bracket 

[X®f,Y®g] = [X,Y]®fg + Y®e{f)X>g-X®e{g)Y>f (3.9) 

becomes a Lie algebra. Next, we assume that F coacts on g via : ^ ® 
We say that the coaction : g — >■ fl (8) satisfies the structure identity of g if 
Tg : — )• g ® J-" is a Lie algebra map. Finally one uses the action of g on J-" and the 
coaction of on g to define the following useful action of g on ig) J^: 

^ • (/' ® /') = ^ ® ^^'^ f + f^X> f. (3.10) 

We are now ready to define the notion of Lie-Hopf algebra. 

Definition 3.1. [15]. Let a Lie algebra g act on a commutative Hopf algebra J- by 

derivations. We say that IF is a Q-Hopf algebra if 

1. J- coacts on g and its coaction satisfies the structure identity of q. 

2. A and e are Q-linear, that is A{X \> f) = X • A{f), e{X i> /) = 0, / G J" 
and X G g. 

If is a g-Hopf algebra, then U (g) acts on IF naturally and makes it aU (g)-module 
algebra. On the other hand, we extend the coaction Tg of on g to a coaction Ju 
of IF on U{q) inductively via the rule (3.6). 

As for the corresponding bicrossed product Hopf algebra, we have the following 
result. 

Theorem 3.2. [15]. Let IF be a commutative Hopf algebra and Q be a Lie algebra. 
Then the pair {IF,U{g)) is a matched pair of Hopf algebras if and only if IF is a 
Q-Hopf algebra. 

A class of examples of Lie-Hopf algebras arises from matched pairs of Lie algebras. 
To be able to express such an example, let us recall first the definition of -R(g), the 
Hopf algebra of representative functions on a Lie algebra g. 

r{q) = {/ g C/(g)* I 3 / C ker/ such that dim(ker/)/J < ooj. 
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The finite codimensionality condition in the definition of guarantees that for 

any / G R{g) there exist a finite number of functions f-, //' G R{g) such that for 
any u^,u^ G U{g), 

f{u'u') = ^fl{u')fl'{u'). (3.11) 

i 

The Hopf algebraic structure of R{q) is summarized by: 

,i:R{Q)0RiQ)^R{g), n{f ® g){u) = f{u^^^)g{u^^^), (3.12) 

7?:C^i?,(0), ??(1)=£, (3.13) 

A:i?(0)^i?(0)cx)i?(0), (3.14) 

A(/) = ^/>/f, if /(«V) = ^//(ui)/f(r 



5 : R{q) ^ i?(0), S(/)(t.) = f{S{u)). (3.15) 

The following proposition produces a family of examples. 

Proposition 3.3. [15]. For any matched pair of Lie algebras (01,02); the Hopf 
algebra R{Q2) is a Qi-Hopf algebra. 

3.2 SAYD modules over Lie-Hopf algebras 

Let us start with a very brief introduction to SAYD modules over Hopf algebras. 
Let ^ be a Hopf algebra. By definition, a character ^ : H ^ C is an algebra map. 
A group-like a ^ 7i is the dual object of the character, i.e., A(o") = a <Si a. The 
pair (9, a) is called a modular pair in involution [4] if 

9{a) = 1, and = Ada, (3.16) 

where Adcr{h) = aha~^ and Ss is defined by 

S0ih) = 9{h^^^)S{h^^^). (3.17) 

We recall from [7] the definition of a right-left stable-anti-Yetter-Drinfeld module 

over a Hopf algebra 7i. Let M be a right module and left comodule over a Hopf 
algebra Ti. We say that it is stable-anti-Yetter-Drinfeld (SAYD) module over H if 

J{m-h) = S{h^^^)m^_^^h^^^^m^^^-h^^^, m^^^ ■ m^_^^ = v, (3.18) 

for any m e M and h e H. It is shown in [7] that any modular pair in involution 
defines a one dimensional SAYD module and all one dimensional SAYD modules 
come this way. 

If M is a module over a bicrossed product Hopf algebra J- XiU, then by the fact 
that T and lA are subalgebras oi T X]14 wc can immediately conclude that Af is a 
module on and U. More explicitly, we have the following elementary lemma, see 
[16, Lemma 3.4]. 
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Lemma 3.4. Let {T, U) be a matched pair of Hopf algebras and M a linear space. 

Then M is a right m,odule over the hicrossed product Hopf algebra T X\ lA if and 
only if M is a right module over T and a right module over U, such that 

{m-u)-f = {m- (u^^j > /)) • ^(2) . (3.19) 

Let (01,02) be a matched pair of Lie algebras and M be a module over the 
double crossed sum gi [xi 02 such that 0i cxi 02-coaction is locally conilpotent. Being 

a right 0i-module, M has a right ?7(0i)-module structure. Similarly, since it is a 
locally conilpotent left 02-comodule, M is a right i?(02)-module. Then we define 

m®{f X\u)^ {m- f)-u = f{m^—^ )m^-^ ■ u. 

Corollary 3.5. Let (01,02) be a matched pair of Lie algebras and M be an AYD 
module over the double crossed sum 0i co 02 such that 0i 1x1 Q2-coaction is locally 
conilpotent. Then M has a right R{q2) U{Qi)-module structure via (3.20). 

Proof. For / G -R(02), u & U{qi) and m e M, we have 

{m-u)-f = f{{m ■ u)^-^){m ■ u)^.^ = f{m^-^ < «(i))"i(o> ' "(2) ^3 ^i) 

= > ))"^<o> ■ ""(2) = ("^ ■ ("(1) ^ /)) • "(2)- 

Here in the second equality we used Proposition 2.12. So by Lemma 3.4 the proof 
is complete. □ 

Let us assume that M is a left comodulc over the bicrossed product T ^lA. Since 
the projections vri := Idj- ®eu : T ><\U ^ T and 1^2 '■= ® Idw : X\U are 
coalegbra maps, M becomes a left .F-comodule as well as a left W-comodule via tti 
and 1^2- Denoting these comodule structures by 

m H> m(^) (g) m<o> e F ® M and m ^ (g) eU 0M, (3.22) 

we mean the T ►<] W-comodule structure is 

m ^ m<=i> (g) m<o> ^-^ (g) m<o) £ XlU ® M. (3.23) 

Lemma 3.6. Let {J^,U) be a matched pair of Hopf algebras and M a linear space. 
Then M is a left comodule over the bicrossed product Hopf algebra T XI U if and 
only if it is a left comodule over J-" and a left comodule over U, such that for any 
me M 

(m<»> (-f^)<°> <g) m(=^> ■ (m<o> j-^)^'* <S) m<o> = m^-^ (g) {m^-^y~'> (g {m^^yo'> , (3.24) 
where u i-)- u{°> g) «*i> eU ® F is the right F-coaction on U. 
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Proof. Let assume that M is a comodule over the bicrossed product Hopf algebra 
T X\U. Then by the coassociativity of the coaction, we have 

m<=2> ►<! (m<o>_)W (g) m<^> • (m(o>_){i> X] m<o>_ (g) m<o> ^ 

_ _____ (3.25) 

= m<-i> ►<] mW (g) (m<o> ^^^^ )<-i> ►<] (m^) ^ )<o> ^.^ (g (mW ^Y^) ^ . 

By applying ejr (g) Id^^ (g) Idj:- (^eu <g Mm on both hand sides of (3.25), we get 

(m<o> ){o} (g) m(^> • (m(o> ){i> (g m<o> = m^^ (g) (m^^ )<^> (m^^ )(o> . (3.26) 

Conversely, assume that (3.24) holds for any m G M. This results 

m<^> (g) (m<o>,^)W (gm<~> • (m<o>, _,){!> (8m<o)^ 

[-11 ^ [-1] ' [0] /q r)i^\ 

= m<^> (g m<o> ^ (g) (m<o> p, )<~> ® {m(^> ^)(^) , 
which implies (3.25) i.e., the coassociativity of the T ►<! W-coaction. □ 

Corollary 3.7. Let (51,02) be a matched pair of Lie algebras and M be an AYD 

module over the double crossed sum gi oci 92 with locally finite action and locally 
conilpotent coaction. Then M has a left R{Q2) ►<! U{qi)- comodule structure. 

Proof. Since M is a locally conilpotent left gi-comodule, it has a left ?7(0i)-comodule 
structure. On the other hand, being a locally finite right 02-iiiodule, M is a left 
i?(02)-comodule [8]. By Proposition 2.12 we have 

(m ■v)^^(g){m-v)^= S {v^^^ ) > g) ■ v^^^ , (3.28) 

or in other words 

^^(2) > (rn ■ v^^^ )|_^j (g (m • v^^^ = (g m^^ ■ v. (3.29) 

Using the i?(02)-coaction on M and i?(02)-coaction on U{qi), we can translate this 
equality into 

(m<~> •(m<o>^){i})(^;)(m<o>|-^){o> ^m(o>^ = m^0{m^^Yo'' {{m^Y~>){v). (3.30) 
Finally, by the non-degenerate pairing between C/(02) and -R(02) we get 

(m(o> ){"} (g) m<=T> . (m<o> ^ )W m<»> = m^-^ O {m^ )<^> (g> (m^ )<5> , (3.31) 
i.e., the i?(02) ►<! C/(0i)-coaction compatibility. □ 
Our next challenge is to identify the Yetter-Drinfeld modules over Lie-Hopf algebras. 

Let us recall that a right module left comodule M over a Hopf algebra H is called 
a YD module if 

^2) i'rn ■ ^1) )(-!> ® (m ■ )<o) = "i(_i> ® "i(o> • ^2) (3-32) 
for any h and any m G M. 
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Proposition 3.8. Let {T,U) be a matched pair of Hopf algebras and M be a right 

module and left comodule over T X\U such that via the corresponding module and 
comodule structures it becomes a YD-module overU. Then M is a YD-module over 
XiU if and only if M is a YD-module over T via the corresponding module and 
comodule structures, and the following conditions are satisfied 

(m • ® (m • = (g) m^.^ ■ f, (3.33) 

m<-) /(^) (g) mCo) /^^j = m<-> (m<o) > /^^^ ) (g) mC^) ■ f^^^ , (3.34) 

m<^> (g) m(o) ■ u = (n^^j ){!} (u^^, > (m • {u^^^yo} )<~) ) g) (m • (ti^^) )<°> )<°> , (3.35) 

m^^ui^'i 'Srni^ ■ uW = mj—jU g) m^-j . (3.36) 

Proof. First we assume that M is a YD module over J- X\Ll. Since is a Hopf 
subalgebra of J-" ►<! ^, M is a YD module over J-". 

Next, we prove the compatibilities (3.33),. . . ,(3.36). Writing (3.32) for an arbitrary 
/ ►<] 1 G J" ►<] ZY, we get 



(3.37) 



(/(„ ^ 1) • ((m • /(,))<-) >^ (m • /(,))<«)(-j) ® (m • f ^^^^^) ^ 
= (m<-) ^ ) . (/^^^ ►c^ 1) m<o> • /^^^ . 

Using the YD condition on F on the left hand side, we get 

/(.) {rn ■ )<-T) ^ {rn ■ f )<"> (m • f )<o) ^ 
= m(=T>/(,, ►c^ (m(o>/(,,)j^ ® (m(S>/(^^)^ (3.38) 
= m<=T> (to(o> D> ) m<5> ® m<o> • /^^^ . 

Now we apply (g) Idj^ (g Hm on the both hand sides of (3.38) to get (3.33). Simi- 
larly we apply ldj^®£u ® Mm to get (3.34). 

By the same argument, the YD compatibility of ►<! W for an element of the form 
lX\ueT X\U, followed by the YD compatibility of U yields (3.35) and (3.36). 

Conversely, assume that M e ^yVr and (3.33),. .. ,(3.36) are satisfied. We will 
prove that the YD condition over T X\ U holds for the elements of the forms 
/ ►<] 1 G 7" ►<! W and 1 ►<] tt G ►<] By (3.34) , we have 

m(=T> /(,^ X, (m(5) )^ (m<n) /^^, )^ 

= mi-=-^) (m<5) ^ > ) XI (m<n) ^ • /^^, )j^ ® (m<^) ,^ ■ J^,, ),^ , 

which, by using (3.33), implies the YD compatibility for the elements of the form 
f X\l e F X\U. 

Next, by (3.35) we have 

(«(1) Y'^ (^(2) > ("i • )^"^ )<">)►< «(3) ("i • (^^(1) ® ("i • Y'^ Y'^ [0] 

= m<^> ►<] U(2)(m<o> • ^i(i))p^ (m<5> • «(^^)j^, 

(3.40) 
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which amounts to the YD compatibihty for the elements of the form 1 Xi u E T >■ 
<]U by using YD compatibihty over U and (3.36). 

Since YD condition is multiphcativc, it is then satisfied for any f X\ u E J- X\U, 
and hence we have proved that M is YD module over XiU. □ 

Proposition 3.9. Let (01,02) be a matched pair of finite dimensional Lie algebras, 
M an AYD module over the double crossed sum 0i ixi 02 with locally finite action 
and locally conilpotent coaction. Then, by the action (3.20) and the coaction (3.23), 
M becomes a right-left YD module over R{q2) ^ 

Proof. We prove the proposition by verifying the conditions of Proposition 3.8. 
Since M is an AYD module over 0i ixi 02 with a locally conilpotent coaction, it 
is an AYD module over U{qi) ixi ^7(02)- In particular, it is a left comodule over 
^^'^(01) >^ U{q2) with the following coaction as proved in Corollary 2.11 

m ^ m^t^m^^^ ^"^mm ^ ^(^i) ^ ^^S^)- (3.41) 
By the coassociativity of this coaction, we have 

"^<o> ® "^<-> ® ^<o> [0] = "^[^ '^[01 <-) ® "^10] (0) • (3-42) 
Thus, the application of Id[7(g^) 0/ (8) Mm on both hand sides results (3.33). 
Using (2.63) and (3.42) we get 

^(2)(^- V))(»> = (V) '^("^■>)(»>FT])("^- V))<-> ®("^-^(i))(o>io] 
= {v^^^ < {m ■ v^^^ ),3,, )(m • v^^^ )p, ^3,^ (m • v^^^ \^ . 

(3.43) 

Then applying / (g) Idjvf to both sides and using the non-degenerate pairing between 

^(02) and U(q2), we conclude (3.34). 

To verify (3.35), wc use the U{qi) ixi i7(02)-module compatibility on M, i.e., for 
any u G C/(0i), v G U{q2) and m G M, 

{m-v)-u = {m- {v^^^ > u^^^ )) • {v^^^ < u^^^). (3.44) 

Using the non-degenerate pairing between i2(02) and C/(0i), we rewrite this equality 
as 

m<~> {v)m<^> ■u = {m- {v^^^ \> u^i^)y~) {v^^^ < u^2)){^ ' i^w > «(i)))^°^ 
= ^(2) > (m ■ (^^(1) > «(i)))<^> (^^(2))("i • (^^(1) t> «(i)))<^> 
= Ki))^^>Ki))K2) > (m- (7i(,,){'>})<->)(i;(,,)(m- (U(,))W)<o> 
= [(7i(.^,)(i} (7i(,, t> (m • (^X(,))W)<^>)](^;)(m • (tX(,))W)<°> , 

which means (3.35). 
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Using the ^7(01) ixi [/"(g2)-coaction compatibility (3.42), together with (2.61), we 
have 

= ('^''m (-> ^ ® "^m CO) = "'(o) ("^(-> ^ ^) ® ™(o> [0] (3-46) 

which is (3.36) . □ 
We are now ready to express the main result of this section. 

Theorem 3.10. Let {F,IA) he a matched pair of Hopf algebras such that T is 

commutative and U is cocommutative, and ,^ : T x V ^ C a non- degenerate 

Hopf pairing. Then M is an AYD-module over U V if and only if M is a YD- 
rn,odule over T such that by the corresponding module and comodule structures 
it is a YD-module overlA. 

Proof. Let M € ^*^^yVjr^u n ^yVu- We first prove that M € Mu^v- By 
Proposition 3.8, we have (3.35). Evaluating both sidesof this equality on an arbitrary 
■u G V we get 

{m-v)-u = {m- {v^^^ t> u^^^ )) • {v^^^ < u^^^). (3.47) 

This proves that M is a right module on the double crossed product U lx\V. 

Next, we show that M G ^'^'^M.. This time using (3.33) and the duality between 
right .F-action and left V-coaction we get 

/(^(3T> FT] ^ ^(o> [0] = fi'^m (^) ^"'ft] ® "'[o] (0) ■ (3.48) 
Since the pairing is non-degenerate, we conclude that M is a left comodule over 

Finally, we prove that AYD condition over ixi V is satisfied by using Corollary 
2.13, that is we show that (2.68),. . . ,(2.71) are satisfied. 

Firstly, by considering the Hopf duality between the T and V, the right F X\U- 
module compatibility reads 

/((m • m)^— ^)(m • u)^^^ = f{m^^ <\ \^))m^^^ ■ u^^y (3.49) 

Hence (2.68) holds. 

Secondly, by (3.36) and the Hopf duality between and V, we get 

m,^ urn (m^^ ) = m^-^ (m^^ >u)^ m^^ =m^u®m.^, (3.50) 
which immediately imply (2.69). 
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Thirdly, evaluating the left T ►<! W-coaction compatibility 
on an arbitrary G V, we get 
which immediately implies (2.70). 

Finally, evaluating the left hand side of the evaluation (3.34) on an arbitrary v G V, 
we get 



and the the right hand side turns into 

RHS = (m ■ v^^^)^^^ > • • >)[o,<o> 

(3.54) 



= /(I) (^^(2) < ■ )[3T, )/(2) ii^ ■ )[01 (31) )(^ • ^(1) )[0] (0> 



= /(l)K4) <Ko> ■ ^(2) )fT])/(2) (-5(^^(3) )^<=T> ^(1) ) Ko> -V))™ 
= /(b(4) < Ko> ■^(2))fTi]'5(^(3))"^(3T>V))Ko> •^(2))[0]' 

where on the third equality we use (3.33). So we get 

"^<3T> • ^(1) ® "^<0> • ^(2) = b(4) < (™<0> • ^(2))pi]]'5K3))™<^)^(l) ® Ko> • ^(2))[0]- 

(3.55) 

Using the cocommutativity of V, we conclude (2.71) . 

Conversely, take M G "^^^^^P^mV- Then M is a left comodule over Xi U hy 
(2.70) and a right module over T XiU hy (2.68). So by Proposition 3.8 it suffices 
to verify (3.33),..., (3.36). 

Indeed, (3.33) follows from the coaction compatibility over U \xi V. The condition 
(3.34) is the consequence of (2.71). The equation (3.35) is obtained from the module 
compatibility over U \xV. Finally (3.36) follows from (2.69). □ 

Proposition 3.11. Let (01,02) be a matched pair of Lie algebras and M he an 
AYD module over the double crossed sum Qi ixi 02 with locally finite action and 
locally conilpotent coaction. Assume also that M is stable over R{Q2) o,nd U{q\). 
Then M is stable over R{q2) ►<! U{q\). 



Proof. For an m G M, using the U{q\ 1x1 02)-comodule compatibility (3.42), we get 

(3.56) 



(m<o> )^ ■ (m<-i> XI {m<°> ) = ((mW ■ m<-i> ) • (m<o> ; 



(m<°> ■ m<-i> ) ■ (m<°> ■ m<-i> ) = m ■ m = m. 



□ 
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3.3 AYD modules over the Connes-Moscovici Hopf al- 
gebras 

In this subsection we investigate the finite dimensional SAYD modules over the 
Conncs-Moscovici Hopf algebras Hn- Let us first recall from [13] the bicrossed 
product decomposition of the Connes-Moscovici Hopf algebras. 

Let Diff (M") denote the group of diffeomorphisms on M". Via the splitting Diff (M") = 
G ■ N, where G is the group of affine transformation on M" and 

iV = jv- G Diff(M'*) ^(0) = 0, V'(0) = Id }, (3.57) 

we have Hn = J^i^) ►<! Elements of the Hopf algebra := J^{N) are called 

regular functions. They are the coefficients of the Taylor expansions at G of the 
elements of the group TV. Here, q is the Lie algebra of the group G and U := U{q) 
is the universal enveloping algebra of g. 

On the other hand, by [5] the Lie algebra a of formal vector fields on admits the 
filtration 

a = l-i 2 lo 2 li 2 ■ ■ ■ (3.58) 

with the bracket 

[Ip, iq] C Ip+q. (3.59) 

Here, the subalgebra Ijt C a. A; > — 1, consists of the vector fields Ylfi^/dx^ such 
that fi, ■ ■ ■ , fn belongs to the (k + l)st power of the maximal ideal of the ring of 
formal power series. Then it is immediate to conclude 

gln = lo/lu Li/lo = M", and Qi = l-i/lo ® lo/h = gln^^- (3.60) 

As a result, setting n := li, the Lie algebra o admits the decomposition a = g ® n, 
and hence we have a matched pair of Lie algebras (0,n). The Hopf algebra T{N) 
is isomorphic with R{n) via the following non-degenerate pairing 



Here 

r{x), (3.62) 



dP 

< ,„(V') = 



ji,...jpvr/ dx^p...dx^^ 

and 



x=0 



yk\,...,kq _ kl kg ^ 

■■■^ Q^r 

Wc refer the reader to [2] for more details on this duality. 



(3.63) 



Let 6 be the trace of the adjoint representation of g on itself. Then it is known that 
is a SAYD module over the Hopf algebra Tin [2]. 
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Lemma 3.12. For any YD module overHn, the action oflA and the coaction of F 
are trivial. 

Proof. Let M be a finite dimensional YD module over 7{„ = F X\U. One uses the 

same argument as in Proposition 3.8 to show that M is a module over a. However we 
know that a has no nontrivial finite dimensional representation by [5] . We conclude 
that the U action and the .F-coaction on M are trivial. □ 

Let us introduce the isotropy subalgebra 5o C g by 

0o = {^e0i|y>X = O,VyG02} C01. (3.64) 

By the construction of a it is obvious that go is generated by Zy So go — gin- By 
the definition of the coaction -.U —>U^Fwe see that C/(go) = W^"^ . 

Lemma 3.13. For any finite dimensional YD module M over T-Ln the coaction 

f -.M ^Un^M 

lands merely in f/(go) ® M. 

Proof. By Lemma 3.12 we know that Z//-action and J^-coaction on M are trivial. 
Hence, the left coaction M 
coassociativity of the coaction 



Hence, the left coaction M ^ F X\U ® M becomes m ^ \ X\ '>n^ (8) . The 



1 ►<] m^—^ ®lx\ (g) mjjjj = 1 ►<] {m^Y^^^ (g) {m^^Y'^"< X\ ® m^^ (3.65) 



implies that 



m ^ ® "^[0] ^ ^""'^ ® M = [/(go) (g M. (3.66) 

□ 



Lemma 3.14. Let M be a finite dimensional YD module over the Hopf algebra T-Ln 
then the coaction of T-tn on M is trivial. 

Proof. By Lemma 3.13 we know that the coaction of Tin on M lands in U (go) M. 
Since U{qq) is a Hopf subalgebra of Tin, it is obvious that M is an AYD module 
over U{qo). Since go is finite dimensional, M becomes an AYD module over go. 

Let us express the go-coaction for an arbitrary basis element m* € M as 

m' ^ m\_^^ m^p, = af^Z^ ® G go <8) M. (3.67) 
Then AYD condition over go becomes 

4yZp^Z]®m^ = 0. (3.68) 
Choosing an arbitrary Z = Zq^ G gin = go, we get 

<°^.'o ® - "I^o^r ® = 0, (3.69) 
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or equivalently 

- Zll) + aT,Zl - Y: dl^Zl^ = 0. (3.70) 

Thus for n > 2 we have proved that the go-coaction is trivial. Hence its hft as a 
U (go)-coaction that we have started with is trivial. This proves that the U coaction 
and hence the Hn coaction on M is trivial. 

On the other hand, for n = 1, the YD condition for X e Tii reads, in view of the 
triviality of the action of gh^ , 

Xm^_^j (2> m^Qj + Z{m ■ (g) (m ■ 6i)^^^ = m^_^yX (g) m^^j . (3.71) 

By Lemma 3.13 we know that the coaction lands in U{gli^^). Together with the 
relation [Z, X] = X this forces the ^i-coaction (and also the action) to be trivial. 

□ 

Lemma 3.15. Let M be a finite dimensional YD module over the Hopf algebra Tin- 
Then the action of%n on M is trivial. 

Proof. By Lemma 3.12 we know that the action of 'H^ on M is concentrated on the 
action of F on M. So it suffices to prove that this action is trivial. 

For an arbitrary m e M and 1 ►<! G Hn, we write the YD compatibility. First 
we calculate 

A2(1 K3 Xk) = 

(1 ►<! 1) (8) (1 ►<] 1) (g) (1 ►<] Xk) + (1 ►<! 1) (8) (1 ►<! Xk) (8) (1 ►<! 1) 

+ (1 Xk) (8) (1 1) ® (1 1) + ((5^j^ ►<] 1) ® (1 Y^) ® (1 1) ^^•'^^^ 
+ (1 1) ® ((5^fc 1) ® (1 Y^) + {51^ 1) (1 1) (8) (1 Y^). 

Since, by Lemma 3.14, the coaction of T-Ln on M is trivial, the AYD condition can 
be written as 

(1 ►<] 1) (g) m • Xfc = 5(1 ►<] Xk) ®m + l><^l®m-Xk + lX\Xk® m+ 

►<! 1 (g) m • - 1 ►<] Fp« (8) m • (5^^ - 6^^ ^Y^®m= (3.73) 

6''^^,X]l®m-Y^ + Y^ t> 5ik^l®rn-lX\Y^ ®m- 6^^. 
Therefore, 

m-5^, = 0. (3.74) 
Finally, by the module compatibility on a bicrossed product F X\U, we get 

(m • Xi) ■Sl^ = m- {Xi > <5^,) + (m ■ <5^,) ■ Xi, (3.75) 



26 



which in turn, by using one more time the triviahty of the C/(fli)-action on M, 
impUes 



m- 6^^,1 = 0. (3.76) 

Similarly we have 

This proves that the J^-action and a posteriori the Hn action on M is trivial. □ 
Now we prove the main result of this section. 

Theorem 3.16. The only finite dimensional AYD module over the Connes-Moscovici 
Hopf algebra Hn is C^. 

Proof. By Lemma 3.15 and Lemma 3.14 wc know that the only finite dimensional 
YD module on Hn is the trivial one. On the other hand, by the result of M. Stale 
in [17] we know that the category of AYD modules and the category of YD modules 
over a Hopf algebra H are equivalent provided H has a modular pair in involution 
{0,a). In fact the equivalence functor between these two categories are simply given 

by 

"yVn 3 "Me ■- M ® ^<Ce e ^AyVu- (3.78) 

Since by the result of Connes-Moscovici in [2] the Hopf algebra l-Ln admits a modular 
pair in involution {5, 1), we conclude that the only finite dimensional AYD module 
on T-Ln is C^. □ 



4 Hopf-cyclic cohomology with coefficients 

Thanks to the results in the second section, we know all SAYD modules over a 
Lie-Hopf algebra (-R(02), 0i) in terms of AYD modules over the ambient Lie algebra 
01 ixi 02- The next natural question is the Hopf cyclic cohomology of the bicrosscd 
product Hopf algebra with coefficients in such a module "^M^, where ((5, a) is the 
natural modular pair in involution associated to (01,02) and M is a SAYD module 
over 01 ixi 02 . To answer this question we need to prove a van Est type theorem 
between Hopf cyclic complex of the Hopf algebra i?(02) ►<! U{qi) with coefficients 
Ms and the relative perturbed Koszul complex of 0i ixi 02 with coefficient M 
introduced in [16]. Actually we observe that our strategy in [15] can be improved 
to include all cases, not only the induced coefficients introduced in [15]. The main 
obstacle here is the i?(02) action and U{qi) coaction which prevent us from having 
two trivial (co)bounadry maps. The first one is the Hochschild coboundary map of 
U{qi) and the second one is the Connes boundary map of -^(02)- We observe that 
the filtration on '^M^ originally defined by Jara-Stefan in [10] is extremely helpful. 
In the first page of the spectral sequence associated to such filtration these two 
(co)boundary vanish and the situation descends to the case of [15]. 



27 



4.1 Relative Lie algebra cohomology and cyclic coho- 
mology of Hopf algebras 

For a Lie subalgebra i) Q Q and a right g-module M we define the relative cochains 

by 

C^(g, f), M) = {a G C^ig, M) = A^g* ® m\ i{X)a = Cx{a) = 0, X G 1)}, (4.1) 
where 

LiX){a){Xu...,X,) = a{X,Xu...,Xg), (4.2) 
Cx{a){Xi,...,Xg)= (4.3) 

^(-l)V([X,Xi],Xi,...,Xi,...,X,) + 0(Xi,...,X,)X 

We can identify C«(0,{),M) with Hom^,(A«(0/^)), M) which is (A«(0/f))* (g) M)'', 
where the action of t) on 0/I) is induced by the adjoint action of f) on 0. 

It is checked in [1] that the Chevalley-Eilenberg coboundary dcE '■ C'i{q,M) 
Ci+\g,M) 



dcEia)iXo, ...,Xg) = J2{-iy+^a{[Xi, Xj], Xo . . . X^, . . . ,Xj, . . . , Xg)+ 

i<j 

^{-iy+^a{Xo,...,Xi,...Xq)Xi. 



is well defined on C*(g, f), M). We denote the homology of the complex (C*(g, \j, M), dcE) 
by H* M) and refer to it as the relative Lie algebra cohomology of f) C g with 
coefficients in M. 

Next, we recall the perturbed Koszul complex W{q, M) from [16]. Let M be a right 
0-module and S'(0*)-module satisfying 

(m ■ Xj) -e* = m- {Xj > e*) + (m • 0*) ■ Xj. (4.5) 

Then M is a module over the semi direct sum Lie algebra = 0* X 0. 
Let M be a module over the Lie algebra 0. Then 

M is called unimodular stable if '^{'m ■ X^) ■ 9^ = 0, (4.6) 

k 

M is called stable if ^{m ■ O'') • = 0. 

k 

By [16, Proposition 4.3], if M is unimodular stable, then := M (g) C/3 is stable 
over g. Here /? is the trace of the adjoint representation of the Lie algebra on 
itself. 

For a unimodular stable right g-module M, the graded space VF"(g,M) := A"g* ® 
M, n > 0, becomes a mixed complex with Chevalley-Eilenberg coboundary 

dcE:W''{g,M)^W"+\g,M) 
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and the Kozsul differential 

dK:W''{Q,M)^W^-\Q,M) 

i 

By [16, Proposition 5.13], a unimodular stable right g-module is a right- left uni- 
modular stable AYD module, unimodular SAYD in short, over the Lie algebra g. 

Finally we introduce the relative perturbed Koszul complex, 

W{g,i),M) = {/ G W{q,M) I t{Y)f = 0,t{Y){dcEf) = O^Y G ()}. (4.8) 

We have the following result. 

Lemma 4.1. dK{W{9,t), M)) C W{g,t),M). 

Proof. For any a (g) m € W^''^^{q, I), M) and any ^ € f), 



i{Y){dK{a®m)) = i(y)((-l)'*i(mj_y)a0m,gj) = {-l^ i{Y)L{m^_^^)a ® m^^^ 

=dK{i{Y)a®m) = 

(4.9) 



(-l)"-^i(m )L{Y)a ® m = dK{i{Y)a (?) m) = 



Similarly, using dcE o c^k + c?k o dcE = 0, 

i{Y){dc-E{dK{oi ® m))) = -L{Y){dK o dcE(a m)) = -dK(t(^)t^CE(a m)) = 0. 

(4.10) 

□ 

Definition 4.2. Lei q be a Lie algebra, f) C g 6e a iyie subalgebra and M be a 
unimodular SAYD module over g. We call the homology of the mixed subcomplex 
(VF(g, f), M), dcE + d^) the relative periodic cyclic cohomology of the Lie algebra g 
relative to the Lie subalgebra^\^ with coefficients in unimodular stable right g-module 
M. We use the notation HP (g,[3,M). 

In case of the trivial Lie algebra coaction, this cohomology becomes the relative Lie 
algebra cohomology. 

We conclude this subsection by a brief account of cyclic cohomology of Hopf algebras. 
Let M be a right-left SAYD module over a Hopf algebra Ti. Let 

C'i{n,M) := M ®n®'^, q>0. (4.11) 

We recall the following operators on C*{H, M) 

face operators di ■.C'i{n,M)^ C+^iH, M), < i < ^ + 1 

degeneracy operators aj : C^CH, M) C^'^CH, M), 0<j<q-l 
cyclic operators t : C^iU, M) ^ C^CH, M), 
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by 



(2) 



do{m ® (g) . . . h'^) = m 1 (g) h'^ . . . ® h'^ , 
di{m ® . . .®h'^) = m®h^ . . .® h\^^ ® K 
dq+i{m®h^ (g) . . . (g, = ^^^^ /i^ (g) . . . (g) /i"? 0m^_^j, (4.12) 
aj{m®h^®...®h'^) = {m0h^®...® e{V^^) (g) . . . (g) /i^), 
r(m (g /i^ (g) . . . (g /i'^) = m^o}^\i) ® •^'(^^2)) ■ {h"^ <^ ■■■^h'' ® m^_^^), 

where H acts on diagonally. 

The graded module C{7i,M) endowed with the above operators is then a cocyclic 
module [6], which means that di, Uj and r satisfy the following identities 



djdi 


= didj-i, 


if 


i < j, 






if 


i < j, 






diUj-i, 


if 


i < j 




= < 


Id 


if 


i = j OT i 








if 


i>j + l, 


rdi -- 




-IT, 


1 < i 


<q 


rdo 




T(Ti = 




T(To 




^9+1 


= Id. 



l<i<q 



One uses the face operators to define the Hochschild coboundary 

b : Ci(n, M) Ci+\'H, M), by b := ^(-1)^5^. 



(4.13) 



(4.14) 



It is known that 6^ = 0. As a result, one obtains the Hochschild complex of the 
coalgebra "H with coefficients in the bicomodule M. Here, the right "H-comodule 
structure on M defined trivially. The cohomology of {C'CH, M),b) is denoted by 



H. 



coalg(^'^)- 



One uses the rest of the operators to define the Connes boundary operator, 

/I \ 



B :C''{'H,M) ^C''~\H,M), by B :-- 



r (7g_ir. 



(4.15) 



\i=0 / 

It is shown in [3] that for any cocyclic module we have 6^ = B^ = (b+B)'^ = 0. As a 
result, one defines the cyclic cohomology of "H with coefficients in the SAYD module 
M, which is denoted by HC'{T-L, M), as the total cohomology of the bicomplex 



0, 



if 0<p<q, 
otherwise. 



(4.16) 
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One also defines the periodic cyclic cohomology of % with coefficients in M, which is 
denoted by HP* {H, M), as the total cohomology of direct sum total of the bicomplex 



CP''i{'H,M) = < 



'M0H^i-P, if p<q, 

(4.17) 

0, otherwise. 



It can be seen that the periodic cyclic complex and hence the cohomology is Z2 
graded. 

4.2 Hopf-cyclic cohomology of Lie-Hopf algebras 

Our first task in this subsection is to calculate the periodic cyclic cohomology of 
R{g) with coefficients in a general SAYD module. This will generalize our result in 
[15, Theorem 4.7], where the coefficients were the induced ones, i.e., those SAYD 
modules induced by a module over g. 

In the second subsubscction we prove the main result of this paper. Roughly speak- 
ing, we identify the Hopf cyclic cohomology of a bicrossed product Hopf algebra, 
associated with a Lie algebra decomposition, with the Lie algebra cohomology of 
the ambient Lie algebra. The novelty here is the fact that we are able to prove such 
a van Est type theorem with the most general coefficients. 

4.2.1 Hopf algebra of representative functions 

Let M be a locally finite g-module and locally conilpotent g-comodule. We first 
define a left i?(g)-coaction on M. It is known, by [8] (sec also [15]), that the linear 
map 

M f/(g)* (g) M, mi-^ m<~> m(o> (4.18) 
defined by the rule m<^> {u)m<°> = m ■ u, defines a left i?(0)-comodule structure 

T : M -)■ R(q) ®M , ^ 

_ _ (4.19) 

Then using the left U (0)-comodule on M, we define the right i?(0)-module structure 

M ® R{q) M 

, ,f , (4-20) 
m® J ^m- } := f{m^)m^^. 

Proposition 4.3. Let M be locally finite as a Q-module and locally conilpotent as 
a Q-comodule. If M is an AYD over Q, then it is an AYD over R{q). 

Proof. Since M is AYD module over the Lie algebra g with a locally conilpotent 
g-coaction, it is an AYD over U{q). 
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Let m e M, f e R{g) and u G U{q). On one hand side of the AYD condition we 
have 

^R{e){m ■ /)(«) = (m ■ /) • u = f{m^)m^ ■ u, (4.21) 
and on the other hand, 

5(/(3) ) (^(1) )m<^'^ (^(.) )/(!) (^(3) )/(.) )pi] ) )m = 

(U(3, (m<s> )(m<o> )^ = 

/(n(3) (m<=T> )m<5> ))(m<^> {u^,^ )m<5> = (4.22) 

/K3)("^ ■ '"(2))pT]'5Kl)))("^ • ^2))[0] = 
/K3)'S'(^(2)(3))"^FT]^(2)(l)'5("(l)))"i[0] ""(axs) = 

/K5)'5(«(4))"^(^^{2)'5Kl)))"i[0] -^3) = 

where we used the AYD condition on U{q) on the sixth equahty. This proves that 
M is an AYD module over R{q). □ 

Theorem 4.4. Let g be a Lie algebra and g = t) x I 6e a Levi decomposition. Let 
M be a unimodular SAYD module over Q as a locally finite Q-module and locally 
conilpotent Q-comodule. Assume also that M is stable over R(q). Then the periodic 
cyclic cohomology of q relative to the subalgebra i) Q with coefficients in M is the 
same as the periodic cyclic cohomology of R{q) with coefficients in M. In short, 

HP{S, f), M) ^ HP{R{9), M) (4.23) 

Proof. Since M is a unimodular stable AYD module over g, by Lemma 4.1 the 
relative perturbed Koszul complex (VF(g, f),M),(icE + c?k) is well defined. On the 

other hand, since M is locally finite as a g-module and locally conilpotent as a 
g-comodule, it is an AYD module over -R(g) by Proposition 4.3. Together with the 
assumption that M is stable over i2(g), the Hopf-cyclic complex (C(i?(g), M), b+B) 
is well defined. 

Since M is a unimodular SAYD over g, Mg := M ® Cp is SAYD over g by [16, 
Proposition 4.3]. Here /3 is the trace of the adjoint representation of the Lie algebra 
g on itself. Therefore, by [10, Lemma 6.2] we have the filtration M = \Jp^iFpM 
defined as FqM = iW^^^^s) and inductively 

Fp+iM/FpM = {M/FpMy°^^^\ (4.24) 

This filtration naturally induces an analogous filtration on the complexes as 

FjW{Q,^,M) = W{Q,^,F,M), and F,C{R{q), M) = C{R{q), F,M). (4.25) 
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We now show that the (co)boundary maps dcE, dK,b,B respect this filtration. To do 
so for (ix and dcE^ it suffices to show that the g-action and g-eoaetion on Af respect 
the filtration; which is done by the same argument as in the proof of Theorem 6.2 in 
[16]. Similarly, to show that the Hochschild coboundary b and the Connes boundary 
map B respect the filtration we need to show that i?(g)-action and i?(g)-coaction 
respects the filtration. 

Indeed, for an element m G FpM, writing the U (g)-coaction as 

= 1 (g) m + m^_^^ (g) m^^^ , m^_^^ (g) m^^^ G t/(g) ® -Fp-iM, (4.26) 

we get for any / € R{g) 

m-f = e{f)m + /(m^_^^ )m^„^ G F^M. (4.27) 

This proves that i?(g)-action respects the filtration. To prove that i?(g)-coaction 
respects the filtration, we first write the coaction on m G FpM as 

m ^ /* (g) mj e i2(g) (g M. (4.28) 

i 

By [9] there are elements Uj € C^(g) such that f^{uj) = d'j. Hence, for any m^g we 
have 

rriio = ^ f{uio)mi = m ■ Ui^ e FpM. (4.29) 

i 

We have proved that i?(g)-coaction respects the filtration. 

Next, we write the Ei terms of the associated spectral sequences. We have 

Ei'\g, f), M) = W+^{FjW{g, f), M)/Fj_iW{g, f), M)) 

= H'+^{W{Q,i,,FjM/Fj-iM))= H^{g,i,,FjM/Fj.iM), (^-^O) 

i+j=n mod 2 

where on the last equality we used the fact that FjM/Fj^iM has trivial g-coaction. 
Similarly we have 

Ei'\RiQ),M) = W+^iF,CiRiQ),M)/F^_,CiR{5),M)) 

= W+^{C{R{q),F,M/F,_,M)) = i/S.aig(i?(0), F,M/F,_,M)), (4-31) 

i+i=nmod2 

where on the last equality we could use [15, Theorem 4.3] due to the fact that 
FjM/Fj-iM has trivial g-coaction, hence trivial i?(g)-action. 

Finally, under the hypothesis of the theorem, a quasi-isomorphism between Ei terms 
is given by [15, Theorem 4.7]. □ 

Remark 4.5. If M has a trivial g-comodule structure, then = and hence the 
above theorem descents to [15, Theorem 4.7]. 
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4.2.2 Bicrossed product Hopf algebrcis 

Let M be an AYD module over a double crossed sum Lie algebra 0i tx] 02 with 
a locally finite Qi ixi g2-action and a locally conilpotcnt gi cxi g2-coaction. Then 
by Proposition 3.9 M is a YD module over the bicrossed product Hopf algebra 
^(02) ►<] U{qi). 

Let also {S,a) be an MPI for the Hopf algebra -^(02) ►<! ^^(0i), see [15, Theorem 
3.2]. Then '^Mg := M ® '^Q is an AYD module over the bicrossed product Hopf 
algebra i?(02) X\U{qi). 

Finally, let us assume that M is stable over i?(02) and U{q\). Then '^Mg is stable 
if and only if 

m (g) Ic = (m<o> ^ ® Ic) • (m<=T> ►<] m<o> ^){aX\l) 
= {m(°)^ (8) Ic) • (m<~> ►<] 1)(1 ►<] m<5>^)((7 Xi 1) 
= {m(o) ^ ■ m(~) (8) Ic) • (1 ►<! m(o} ^){a Xi 1) (4.32) 
= rn, • '^^"^ ) • m<o> _^(5(m<o> ^) (8) Ic) ■ (a XI 1) 

[Oj [~M L~2j 

= "ip3j<5(mj_j)cj(8) Ic- 

Here, on the fourth equality we have used Proposition 3.11. In other words, M 
satisfying the hypothesis of the Proposition 3.11, '^Mg is stable if and only if 

"^[o]'^("^[— ])^ = (^•^^) 

Theorem 4.6. Let (01,02) be a matched pair of Lie algebras and 02 = f) x I 6e a 
Levi decomposition such that is 0i invariant and it acts on 0i by derivations. Let 
M be a unimodular SAYD module over 0i M 02 with a locally finite 0i M Q2-action 
and locally conilpotent 0i ixi Q-2-coaction. Finally assume that '^Mg is stable. Then 
we have 

HP{R{g2) X UiQi), ''Ms) = HP{q, >ci 02, f), M) (4.34) 

Proof. Let C(f7(0i) ►< -R(02), '^Mg) be the complex computing the Hopf-cyclic 
cohomology of the bicrossed product Hopf algebra Ti = R{Q2) ►<! U{qi) with coef- 
ficients in the SAYD module "Mg. 

By [13], Theorem 3.16, this complex is quasi-isomorphic with the total complex of 
the mixed complex '5{'H, R{q2)', " Mg) whose cylindrical structure is given by the 
following operators. The horizontal operators are 

5o(m ®f®u) = m®l®f^®...®fP®u 

di{m (g)/(8>u) = m(8)/^(g)...<8) A(/') (g) . . . (g) (g) n 

dp+i{m® f ®u) = m^yj (g)/^ (g ... (g)/*'(gn{-i>m^_^j > 1^^(02) (g) it W 

a j{m <S) f <S) it) = m ^ f'^ . . . ^ el/-'^^) (g . . . (g) (g u 

r (m ®f0u) = m^^^f\^^ ® S{f\^^ ) • (/^ . . . ® ® iH-^^ m^_^^ > 1^(3,) ® nfo} ), 

(4.35) 



34 



and the vertical operators are 



{-1}, 



(4.36) 



t9o(m (gi/(g)u) = m(g)/(8)i(8)u^(g)...(g)ti'? 
'\di{m 0f0u) = m(g)f(g)u^(g)...0 A(n*) . . . (g) 
ti9g+i {m® f <^u) = m^gj (g) / (g) ti^ (g) . . . (g) (g) "Y~^ 
tfjj(m (g / g) It) = m (g /(g (g . . . (g e{u^^^) g) . . . g) 
tT(m(g/(gn) = m^j,jn^(4^5"^(n^(3j [> lR(g2))0 

S{S-\u\^^ > • > / • (n^ . . . 

for any m G ^Mj. 
Here, 

C^(0i)®^ ^^<^C^(0i)®^ u^ui-^y^um (4.37) 

arises from the left ?{-coaction on ?7(gi) that coincides with the original R{q2)- 
coaction, [13, Proposition 3.20]. On the other hand, U{gi) = TL ®_R(g2) *^ — 
7i/'HR{g2)^ as coalgebras via the map (/ ►<! u) <SiR[g2) '-^ ^{f)^ and f XI u = 
e{f)u denotes the corresponding class. 

Since M is a unimodular SAYD module over gi cxi 02 , it admits the filtration 
{FpM)p^z defined similarly as before. We recall by Proposition 2.5 that gi ixi 02- 
coaction is the summation of 0i-coaction and 02-coaction. Therefore, since 0i ixi 02- 
coaction respects the filtration, we conclude that 0i-coaction and g2-coaction respect 
the filtration. Similarly, since 0i to 02-action respects the filtration, we conclude 
that 01-action and 02-action respects the filtration. Finally, by a similar argument 
as in the proof of Theorem 4.4 we can say that i?(02)-action and i?(02)-coaction 
respect the filtration. 

As a result, the (co)boundary maps dcE and of the complex M^(0i tx 02,f),M), 
and b and B from C(f/(gi) ►< i?(02), "^Ms) respect the filtration. 



Next, we proceed to the Ei terms of the associated spectral sequences. We have 
Er{R{S2)^U{5,),''Ms) = 

H'+^{FjC{U{gi) X R{q2), ''Ms)/Fj.iC{U{gi) X R{02), ''Ms)), 

where 



FjCiUiQi) X i?(02), ^Ms)/Fj_iC{UiQi) X R{q2), "M^) = 
C(C/(0i) X Rig2),Fj''Ms/Fj_i''Ms). 



(4.39) 



Since 

Fj^'Ms/F.^i^'Ms = ^{FjM/Fj^iM)s =: ''Ms 

has a trivial 0i cxi 02-comodule structure, its t/(0i)-comodule structure and -R(02)- 
module structure are also trivial. Therefore, it is an i?(02)-SAYD in the sense of 
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[13]. In this case, by [13, Proposition 3.16], ^{H, R{Q2)', '^Mg) is a bicocyclic module 
and the cohomology in (4.38) is computed from the total of the following bicocyclic 
complex 



t6 



t6 



""Ms ® U{qi 



''Ms ® R(q2) i7(gi)®2 ® ii(02) 



tb 



B 

— 
6 



— > 



t-B 



t6 



tB 



— > 
6 



t6 



tB 



B 

— ^ 



tb 



tB 



(4.40) 



Moreover, by [15, Proposition 5.1], the total of the bicomplex (4.40) is quasi- 
isomorphic to the total of the bicomplex 



dcE 



"Ms ® A^gi* "Ms ® A^Qi* ® R{92) "Ms ® A^Qi* i?(fl2) 



<iCE 



''Ms(^5i' 



«{B2) „^ 



M5 (g) 01* (g) ii;(52) 



ficE 



"«(fl2) „^ 



"Ms ^ 91* ^R{Q2f 



"Ms 



R(B2) „^ 



dcE 



"Ms i?(g2) 



"Ms -R(02)®^ 



f'|j(02) 



"«(fl2) 



(4.41) 



where ^^(gj) coalgebra Hochschild coboundary with coefficients in the -R(02)- 

comodule "Ms <Si A'^Qi* . 

Similarly, 

Ei'\Qi ^ 02, M) = W+^{FjW{9i tx 02, t), M)/Fj_iW{gi M 02, t), M)) 
= iJ'+^W(0i M 02, [), F,M/F_,_iM)) = H'^igi M 02, f), FjM/Fj_iM) 



i+j=n mod 2 



(4.42) 



where the last equality follows from the fact that FjM/Fj^iM has a trivial 0i txi 02- 
comodule structure. 

Finally, the quasi isomorphism between the £^i-terms (4.38) and (4.42) is given by 
the Corollary 5.10 of [15]. □ 
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Remark 4.7. In case of a trivial Qi ixi g2-coaction, this theorem becomes [15, 
Corollary 5.10]. In this case, C/(fli)-coaction and i?(02)-action are trivial, therefore 
the condition (4.33) is obvious. 



5 Illustration 



In this section, first we exercise our method in Sections 3 to provide a highly nontriv- 
ial 4-dimensional SAYD module over His''"'^ = R{C) Xl U{gli'^^), the Schwarzian 
Hopf algebra, which is introduced in [2] . The merit of this example is the nontriv- 
ially of the i?(C)-action and the U (5(^i'^''^)-coaction which were assumed to be trivial 
for induced modules in [15]. We then illustrate Theorem 4.6 by computing two hand 
sides of the theorem. At the end we explicitly compute the representative cocycles 
for these cohomology classes. From now on we denote R{C) by J^, U{gh^^) by U 



and Wis"°P by H. 

5.1 A 4-dimensional SAYD module on the Schwarzian 
Hopf algebra 

Let us first recall the Lie algebra 5/2 as a double crossed sum Lie algebra. We have 
sh = 01 XI 02, 01 = C(X,Y), 02 = C(z), and the Lie bracket is 



Let us take M = 5(s^2*)[2]- Example 2.4, M is an SAYD over s/2 via the 
coadjoint action and the Koszul coaction. 



Writing 52* = C^^i^, wc have T = R{92) = C[Si]. Also, U = U{gi) and it is 
immediate to realize that T X\U = 'His''°p [12]. 

Next, we construct the J- X\ W-(co)action explicitly and wc verify that "Ms is 
an SAYD over J- X hi. Here, (a, 5) is the canonical modular pair in involution 
associated to the bicrossed product F X\U [15]. By definition S = Tr o adg^. Let 
us compute a E T from the right J^-coaction on U. 

Considering the formula [v,X] = v>X®v<]X, the action 02 < 0i is given by 





[Y,X]=X, [Z,X]=Y, [Z,Y] = Z. 



(5.1) 




Z<X 



0, Z<Y = Z. 



(5.2) 



Similarly, the action 52 l> 0i is 



Z>X 



Y, Z>Y = 0. 



(5.3) 



Dualizing the left action 02 > 0i, we have the 7"-coaction on U as follows 



U^U®J^, (g) 
X ^ X ®\ + Y ®5i 
Y ^Y®1. 



(5.4) 
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Hence, by [15] Section 3.1 

On the other hand, by the Lie algebra structure of gi = 5^1'^''^, we have 

S{X) = 0, S{Y) = 1. (5.6) 

Next, we express the Xi ZY-coaction on M = S{sl2*)^^^ expUcitly. A vector space 
basis of M is given by , , , and the gi-coaction (Kozsul) is 

M^fli0M, Im^X^R^ + Y^R^, R'^0, i = X,Y,Z. (5.7) 

Note that the apphcation of this coaction twice is zero, thus it is locally conilpotent. 
Then the corresponding U coaction is 

M ® M, m^-^ (g) m^^ 

Im^I®Im + X(®R^ + Y (®R^ (5.8) 
R'^l(^R\ i = X,Y,Z. 

To determine the left ^-coaction, we need to dualize the right 02-action. We have 

1m<Z = (}, R^<Z = 0, R^<Z = R^, R^<Z = R^, (5.9) 

implying 

M -> J" 5?) M, m !->■ m<~> <S) m(°) 



R^ ^l(g)R^ 

R^ >-^l®R^ + 6i<^R^ 

R^ ^1®R^ + Si0R^ + ^61® R^. 
As a result, X\ Z^-coaction appears as follows 



(5.10) 



M 



[0] 



Im^'^®'^m + X®R^ + Y ®R^ 

R^ ^1®R^ 

R^ ^\®R^ + 5i®R^ 

R^ ^\®R^ + 5i®R^ + ^5l® R^. 



(5.11) 
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Let us next determine the right T ►<! W-action. It is enough to determine the 
W-action and J^-action separately. The action of lA is directly given by 



<X = -R^, R^ <Y = R^ 

Y 7 V (5-12) 

R^ <iX = -R^, R^ <Y = 

i?^ < X = 0, R^ <Y = -R^. 



To be able to see the J^-action, we determine the g2-coaction. This follows from the 
Kozsul coaction on M, i.e., 

M (92) 0M, m H> m^—^ (g) m^-^ 

1m ^ I^Im + Z ^R^ (5.13) 
R'^1^R\ i = X,Y,Z. 

Hence, J^-action is given by 

1m<Si = R^, R'<Si = 0, i = X, Y, Z. (5.14) 

We will now check carefully that M is a YD module over the bicrossed product Hopf 
algebra T Xi U. We leave to the reader to check that M satisfies the conditions 
introduced in Lemma 3.4 and Lemma 3.6; that is M is a module and comodule on 
J- X\ U respectively. We proceed to the verification of the YD condition on the 
bicrossed product Hopf algebra XiU. 

By the multiplicative property of the YD condition, it is enough to check that the 
condition holds for the elements X,Y,5i G J- X\U. 

For simplicity of the notation, we write the J-" ►<] Z//-coaction as m 1— >■ m^_^y (8> ^•^o}- 
We begin with 1m & M and X ^ F X\U. On one hand we have 

^(2) • (1m < <^ (1m < ^(i)){o} = 

(1m < <^ (1m < ^){o} + ^1m{_i} ® 1m{o} + '^i(1m < ® (1m < Y)^^^ = 

X ®1m + X'^ ® R^ + XY ® R^, 

(5.15) 

and on the other hand, 

1M{_i}^(1) <S) 1M{o} < ^(2) = 

lM^_^yX (g) 1m{oj + 1M{_i} ® 1M{o} <X + 1M{_ij'^ ® 1M{o} <h = 

X^Im + X^^R^ + YX^R^ + X^R^ <X + Y^R^ <X + Y^lM<i6i. 

(5.16) 

In view of [Y, X]= X, R^ <X = -R^, R^ <\ X = -R^ and 1m < -^i = R^ , we 
have the YD compatibility is satisfied for 1m G M and X £ Xi U. 
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We proceed to check the condition for 1m £ M and Y E T X\U. We have 

(1m < (1m < + ^^Im^.i} (8 1m{o} = (5-17) 



and 



Y 1m + YX + 0R^, 



1m{_ij>" ® 1m{o} + «) 1m{o} < ^ = (5-18) 

Y 01m + XY ® + Y'^ ® + X <iY. 

We use [y, X] = X and ii^ <1 y = i?"''^ , and hence the YD condition is satisfied for 
1m e M and Y eTXiU. 

For 1m ^ M and Si E T Xi U we have 

5i(2)(1m < <^i(i)){_i} (8) (1m <'Ji(i)){o} = 

(1m < ^^Oi-i} ® (1m < f^O^oj + (5i1m{_i} ® Im^oj = (5 J9^ 

10R^ + 6i0R^ + ^5j0R^ + Si0 1m + SiX<S)R^ + SiY R^ . 

On the other hand, 

lAff-ij-^ld) <S) 1M{o} < '^1(2) = 

1m^_i}(^i ® 1m{o} + 1m{_i} 1m{o} < (^1 = (5.20) 
Si0 1m + X5i R^ +YSi0 R^ + 101m < Si. 

Thus, the YD condition for 1m & M and Si e T XlU follows from [X,Si] = ^Sf, 
[Y, Si] = Si and 1m <Si = ■ 

Next, we consider R^ G M and X e T XiU. In this case we have, 



^(2)(^"<^,i,Vi>®(^"<^a)){o> = 

(i?^ < (ii^ < + i^^^^j + SiiR"" < Y)^_^j ^ (i?^ < Y)^„^ 

- 1 i?^ - 5i «) i?^ + X ® i?^ + (5i O i?^ = 



-l®i?^ + X(g)i?^. 



On the other hand, 



(5.21) 



R''^_,^X + < X + -R'^^.ijY ® < ,5i = (5.22) 

X (8) i?^ + 1 (8) i?^ < X, 
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and we have the equahty in view of the fact that < X = -R^ . 
For i?-^ G M and y G J" ►<] W, on one hand side we have 



{R^ < y)^_,j ® {R^ < + YR^^_^^ ® R^^^^ = (5.23) 
1<^R^ ■ 

and on the other hand, 



l!S)R^ + Y 0R^, 



y (g) +R^® < y = (5.24) 

Y^R^ + 1®R^ <Y. 

The equahty is the consequence of R^ <iY = R^ . 
For R^ e M and 6i e XiU we have 

<^l(2)(^'' < <^1(1)){-1} ® (^"^ ^ '^1(1)){0} = 

(i?^ < 5i)^_^j ® (i?^ < 5i)^^^ + <5ii?^^_jj ® = (5.25) 

Si ® i?-^, 



and 



5i (g) i?^ + 1 i?^ < di. 
The result follows from R^ <]di = 0. 

We proceed to verify the condition for R^ G M. For i?^ G M and X G ►<! W, we 
have 

^(.)(^''<3^a)){-i}^5(i?^<X(J^„j = 

(i?^ < x)^_^j ® {R^ < x)^„j + ^ + <5i(i?^ < y)^_,j ® (i?^ < y)^„j : 

1 



- 1 R^ - 5i ^ R^ - -df ^ R^ + X R^ + X6i R^ , 

(5.27) 

as well as 

X (g) i?^ + (5iX (g) i?^ + 1 i?^ < X + (5i (2) i?^ < X. 
To see the equality, we use [X,5i] = ^j, R^ < X = -R^ and R^ < X = -R^ . 
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Similarly for G M and Y e T XiU, we have on one hand 

{R^ < Y)^_^^ ^ {R^ < Y\^^ + YR'^_^^ R^^^^ = (5.29) 
Y ^R"^ + Y5i®R^, 
and on the other hand, 

R^,^,,Y + ® < y = (5.30) 

Y0R^ + 6iY0R^ +Si0R^ < Y. 
Hence the equality by [Y, Si] = di and R^ <lY = R^ . 
Finally, for R^ e M and 6i e J' Xi U we have 

5i(,j(i2^<5i(,^)^_,, 0(i?^<,5i(,,)^„j = 

(i?^ < 5i)^_,j (i?^ < ,5i)^„j + <5ii?^^_,j ® = (5.31) 

(5i ® ii:^ + (5? (8) R^, 



and 



® + ® < (5i = (5.32) 

5i i?^ + 5? (8) i?-^. 
Now we check the condition for R^ G M. For R^ e M and X G J" ►<! ZY, 

(i?^ < X)^_^j ® (i?^ < X)^„j + + 6iiR^ < y)^_,j {R^ < Y\^^ = 

X ® ii;^ + X5i ® i?^ + l-XSl ®R^ -5i0R^ -dl^R^ - Isf ii;^. 



2 



(5.33) 



On the other hand, 

® -R^{o} <l ^(2) = 

R\_^^X + R^^_,, ® < X + R\_^^Y < (5i = (5.34) 

X <^R^ + SiX 0R^ + ^SfX R^ + Si R^ < X + <^ R^ < X. 

Equality follows from [X, Si] = ^Sj, R^ < X = -R^ and R^ <\ X = -R^ . 
Next, wc consider i?^ G M and Y ^ F XilA. In this case we have 

(it;^ < r),_,j ® (i?^ < y),oj + i^^^oj = (5.35) 

-1®R^ -Si®R^ -]^Sl®R^ + Y ®R^ + YSi®R^ + ]^YSl ® R^ , 
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and on the other hand, 

R\.,,Y ® R\^^ + R\_^^ ® R\^^ <Y= (536) 
Y®R^ + 5iY®R^ + ^5lY ® R^ + 1® R^ <Y + ^5l® R^ <\Y. 

Equality follows from [Y, 5i]=5i,R^ <Y = -R^ and R^ <Y = R^ . 
Finally we check the YD compatibility for R^ G M and 8i ^ T ><\U. We have 

{R^ < {R^ < + 5^R\_^^ ® R\^^ = (5 37) 

5i®R^ + 5l®R^ + ^(5? ® R^, 

and 

R^i.,yS, R\,^ + R\_^^ ® R\,^ <5,= (5.38) 
5i®R^ + 5l®R^ + ]^5l ® R^. 

We have proved that M is a YD module over the bicrossed product Hopf algebra 

Let us now check the stability condition. Since in this case a = 1, '^M^ has the 
same coaction as M. Thus, (m (g) lc){_i} <8) (m (8) lc){o} £ ►<! W (8) '^M^ denoting 
the coaction, we have 

(1m ® lc){o} • (1m ® lc){_i} = (1m ® Ic) • 1 + {R^ ®lc)-X + {R^ ®\c)-Y 
= 1m Ic + i?^ • X(,)(5(X(^)) ® Ic + R"" ■ y(2)KYm) ® Ic 
= 1m®Ic + R^ ■X®lc + R^5{X) ®lc + R^ -Y ®lc + R^5{Y) ® Ic 
= 1m (8) Ic- 



{R^ ® lc){oj • {R^ (8) lc){_i} = (i?^ ®\c)-l = R^ ® Ic- 

(i?^ lc){oj • {R^ ® lc){_i} = {R^ ® Ic) • 1 + {R^ ® Ic) ■5i = R^ ® Ic- 

(^^®lcV>-(^^®lc){_i} = 



1 



(i?^ ® Ic) • 1 + {R^ ® Ic) • 5i + {R^ ® Ic) • -Sf = R^ ® Ic- 



Hence the stability is satisfied. 

We record our discussion in the following proposition. 
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Proposition 5.1. The four dimensional module- comodule 

Ms := M ® Cs = c(1m, , , R^) Cs 



is an SAYD module over the the Schwarzian Hopf algebra Tiis^^, via the action 

and coaction 



< 


X 


Y 


Si 


1 








R^ 




-R^ 


2R^ 







-R^ 


R^ 





R^ 












J:Ms^ His 



cop , 



•Ms 



lh^l(g)l + X«)R^ + y«)R^ 

R^ 1 (8) R^ 

R^ ^ 1 + (5i ® 

R^ ^ 1 (g) R^ + 5i ® R^ + ijf R^. 



Here, 1 := 1m (8> Q, R-^ := R^ Q, R^ := i?^ (g) Q, R^ := i?^ (g) Q. 

5.2 Computation of HP^sh, S{sll) p,) 

This subsection is devoted to the computation of HP{sl2, M) by demonstrating 
explicit representatives of the cohomology classes. We know that the perturbed 
Koszul complex {W{sl2, M),dcE + d^) computes this cohomology. 

Being an SAYD over U{sl2), M admits the filtration {FpM)p^z from [10]. Explicitly, 
FqM = {R^,R^, R^}, FpM = M, p>l. 



The induced filtration on the complex is 

Fj{W{sl2,M)) := W{sl2,FjM), 
and the Ei term of the associated spectral sequence is 



(5.39) 
(5.40) 



E('\sl2,M) = W+^{W{sl2,FjM)/W{sl2,Fj_iM)) ^ W+\W{sl2,FjM/Fj_iM)). 

(5.41) 

Since FjM/Fj^iM has trivial s^2-coaction, the boundary dx vanish on the quotient 
complex W{sl2,FjM/Fj-iM) and hence 

Ei'\sl2,M)= H'{sl2,FjM/Fj_iM). (5.42) 

i+j=» mod 2 

In particular, 

E^/{sl2,M) = W{W{sl2,FoM))^ H*{sl2,FoM) = 0. (5.43) 

mod 2 

The last equality follows from the Whitehead's theorem (noticing that FqM is an 
irreducible s/2-module of dimension greater than 1). For j = 1 we have M/FqM = C 
and hence 

El'\sl2,M)= H*{sl2), (5.44) 

i+l=»mod2 
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which gives two cohomology classes as a result of Whitehead's 1st and 2nd lemmas. 
Finally, by FpM = M for p > 1, we have Ei'\sl2,M) = for j > 2. 

Let us now write the complex as 

W{sl2, M) = VF^^^°(sZ2, M) e W°'^'^{sl2, M), (5.45) 

where 

^^^""{812, M) = M® {A^sh* ® M), W'"^'^{sl2,M) = {sh* «) M) {A^sh* M). 

_ (5.46) 

Next, we demonstrate the explicit cohomology cocycles of HP{sl2, M). First, let 
us take 1m G W^^^^{sl2,M). It is immediate to observe dcE(lM) = as well as 
'^k(Im) = 0. On the other hand, in the level of spectral sequence it descends to the 
nontrivial class of the cohomology of sl2- Hence, it is a representative of the even 
cohomology class. 

Secondly, we consider 

Here is the dual basis corresponding to the basis |x, y, z| of 5/2- 

Let us show that it is a dcE + c/K-cocycle. It is immediate that 

dc^{e^ /\9^ A0^ 1m) = (5.47) 

As for the Koszul differential, 
dKie^ AO^ AO^ (g)lM) = 

Lx{0^ A A e^) (^R^ + ly{o^ a a e^) (^R^ + Lz{e^ ao^ a e^) ®r^ = 
Ae^ R^ - Ae^ R^ + Ae^ r^. 



On the other hand, we have 

dcE{0^ ® R^) = AO^ ® R^ - AO^ ® R^ - Y - AO^ ® R^ ■ Z 

= e^ AO^ ® R^, 



(5.48) 



(5.49) 



(5.50) 



and 

dcE{o^ R^) = A R^ - A R^ ■ X - A 9^ (S) R^ ■ z 
= AO^ R^ + 9^ Ae^ R^ + 9^ Ae^ r^. 

Therefore, 

dcEi^e^^R^ -o^^R^) = -e^ AO^ ®R^ +0^ A0^ ®R^ -e^ AO^ ®R^ . (5.51) 

We also have 

dK{2e^ 0R^ -9^ ® R^) = 2R^R^ - R^R^ = 0-0 = 0. (5.52) 



45 



Therefore, we can write 

{dcE + dK){{29^ ^R^ -e^ ^R^ , AO^ AO^ 1m)) = 0. (5.53) 

Finally we note that {29^ (g) R^ - 9^ i^) R^ , 9^ A 9^ A 9^ ^ 1m) descends, in 
the £?i-level of the spectral sequence, to the cohomology class represented by the 
3-cocycle 

9^ A 9^ A 9^. 

Hence, it represents the odd cohomology class. Let us summarize our discussion so 
far 

Proposition 5.2. The periodic cyclic cohomology of the Lie algebra sh with coef- 
ficients in SAYD module M := -5(5/2*) [2] represented by 

Hp\sh,M)=c(lM), (5.54) 

- - - - ■ - 'iX ^ -dZ nY ^ r>Y qX . nV . nZ 



HP {sh, M) = C{^{29^ ®R^ -9'' ^R'^ , 9"^ A9'' A9^ ^Im))- (5.55) 

5.3 Computation of HP{nis, Ms) 

We now consider the complex C{U X T,Ms), which computes the periodic Hopf 
cyclic cohomology 

^^(^is'°P, Ms) = HP{F ►<] U, Ms). (5.56) 

We can immediately conclude that Ms is also an SAYD module over U{sl2) with 
the same action and coaction due to the unimodularity of 5/2- The corresponding 
filtration is then given by 

FoMs = FoM0Cs = c(^R^,R^,R^^®Cs, FpMs = Ms,p>l. (5.57) 

We will first derive a Cartan type homotopy formula for Hopf cyclic cohomology, as 
in [12]. One notes that in [12] the SAYD module was one dimensional. We have to 
adapt the homotopy formula to fit our situation. To this end, let 

Dy-.n^n, Drih) := hY. (5.58) 

Obviously, Dy is an H-linear coderivation. Hence the operators 

Cdy ■■ C"(^ ►< ^, Ms) C^iU X Ms) 

n 

CoYijn c° (8) . . . <8) c") = ^ m (g) . . . (8) -Dy (cj) (g) . . 



(5.59) 

c , 



1=0 



eoy : C"(W ►< Ms) C'+^U X Ms) 

e£)y (m 0^ c° ® . . . «) c") = (-l)"m^gj ®h c°(2) ® ® . . . ® ® m^_^^DY{c^ ^-,^), 

(5.60) 
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and 

Eoy ■ C'iU ►< Ms) C''-\U X T, Ms) 
E^j^^{m (g)^ c° (g) . . . ® c") = 



(5.61) 



satisfy, by [12, Proposition 3.7], 

[^Dy +eDy,b + B]= Coy . (5.62) 
We next obtain an analogous of [12, Lemma 3.8]. 

Lemma 5.3. We have ^ 

Cdy=I- adY, (5.63) 

where 

adY{ms <8) 7<8) u) = adY{f® u) - {m ■ Y)s ® J ® u, (5.64) 
and ms := m (8) Ic- 

Proof. Let us first recall the isomorphism 

e := $2 o $1 o ^ : C^(Z^ ►< JT, M^) 3''' (5.65) 
of cocyclic modules. By [13], we know that 
^{ms u° ►< /° . . . ® -u" ►< /") = 

ms ®H «°^-"-^> f®...® 'u°^-i> ...® Z'' (8) tx^f} ® . . . <® u'^m 

*~^(m5 (8)7^ /° (g) . . . (8) /" (8) n° (g) . . . (8) n") = 

m5 ®n tx°^°> ►< 5-^(tx°{-i> )/° ® . . . ® ►< 5-^(u°{-"-i> n^{-"> . . . -u^i-i} )/", 

(5.66) 



(g)^ /° . . . O . . . w") = 

(5.67) 



*i ^{rns (8)j- /° (8) . . . <8 /" <8 (8) . . . <8 n") = 
ms®Hf®---®r® l[/(gi) <8 (8) . . . (8 n", 

and 

$2(^5 ®jr f ® r ® ■■■®U'^) = 

ms ■ /V) ® • (/' ® . . . ® r ® ® . . . ® t^") 

_i 1 1 (5.68) 

$2 ("^(5 (8) / (8) • • • (8) (8) <8 • • • 18) -""■) = 

<X)j- Ij- <8 (8) . . . <8 18) (8) . . . <8 n". 
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Here, the left H-coaction on U is the one corresponding to the right 7"-coaction. 
Namely, 

(g) = S{uW ) (g) . (5.69) 

We also recall that 

$(/ ►<]«) = tt{o} ►< fuW (5.70) 
$-^(^x ►< /) = /^"^(uO} ) ►<] «W . 

Therefore, we have 
G o ° Q'^irns ® (g) ... ® «)...«) u") = 

e o jCd^ o o o ^2^{ms «) «) . . . ^ /" (g «) . . . ® n") = 
e o ° ° ^i^ims (gjc- Ijr ^ /I . . . (g ® . . . «) u"-) = 

e o o *-^(m5 Ij- (g «) . . . g) /" «) 1^/ ® «) . . . g) «") = 
OojCdy {ms ®H Iw ►< Ijr (g u^f} ►< (u^{-i> ) > g) . . . 
. . . ® > ►< 5-^(n^{-"> . . . -^"{-1} )>/") = 

(5.71) 

where on the last equality we have used (5.69). In order to apply Cdyi we make 
the observation 

$Dy$-i(« ►< /) = $(/5-^(w{i}) >^ uwy) = 
(«{o}y){o} ►< /s'-^(ti{i})(it{o}y){i> = 

{0} ►< fS-^{um )m{o} (J) {1} (tx{o> > i"^i> ) = (5.72) 
U(,/o}FW K/5-H^(,/2}t.(,/i})n(,/i}(t.(,/o} c>y{i}) = 

using the action-coaction compatibilities of a bicrossed product. Hence, 
QoCDY{m®n'^u X ljr®u^{o> ►<M^{i>/^®...0'u"{o} ►< ...'U^W/'*) = 

6(7715 (g)^ F ►< Ijr (g) -"^^"^ ►< ■u^{i> (g . . . (g n'^f} ►< vP-^^} . . . n^{"} /'')+ 

n 

^ 6(7775 ®V. luX^F® ►< U^^^"* <g . . . 

j=l 

. . . (g -u^f} Y ►< n^{i> . . . -u^i'} f®...® n"{o} ►< . . . -u^^"} /"). 

(5.73) 

We notice, 

^{ms®uY xIt® u^^''^ X u^^^^ (g . . . ® 7t"f'> ►< «"^i> . . . u^^"> /") = 
T{-"-i> • Ijr ^ (li^OO ){-"} 7il{i} g) . . . 

. . . g) y{-l} (7i^{0> ){-!} . . . (7i"{«} ){-!} 7i"{l} . . . 7i^{"> /" (g FTO (g (77^ W ){0} . . . (g) (tt'^TO 
= 7775 (g-H 1.F ® <^ • • • <8 /" ® F ® g) . . . g) 77"-, 

(5.74) 
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where on the last equality we have used (5.69). Similarly, 



'^{ms ®H Iw ►< Ij- (8) -u^^"} ►< u^^i} ® . . . 

... (8) u^f} Y X . . . v}^^ f®...® n'^io} ►< . . . v}^"^ /") = (5.75) 
ms ®h'^t ® ® ■ ■ ■ ® P ®'^u ® ® ■ ■ ■ u'Y <8) . . . (8) u". 
Therefore, 

e{ms (8^y ►< ljr(g)u^{"> ►< n^{i>/^ ® ... ►< . . . ?x^i"> /")+ 

n 

^ e(m5 (8)7^ Iw ►< Ijr (g) u^m ►< n^{i>/^ (g) . . . 

i=l 

...(g) u'm Y ►< . . . u^{»> O . . . u"{o} ►< . . . n^{"} /") = 

^>2 o <^i{ms (8)-H Ij- (8) 7(8) y 5 + m5 0^ Ij- J® (g) n • y) = 

$2(^5 • y^.j (8^ -§"^5^(1)) > ® 7) <8) .s(y(3,) • s + (8)^ 1^ ® 7® s • y). 

(5.76) 

Considering he fact that y G H is primitive, and hence adY{f) = [y, /] = y > /, 

wc conclude 

$2(^5 -y^^) ®T -^'H^d)) > (1.f0 7) «''5(>'(3)) -S + m^ (8^ 1^ (8) 7<8 S • y) = 

$2(-m5 ®r Ij- 8) adY{J) ®u-ms®jrljr®J®Y-u+ 

ms -Y (gjrljr f®u + m.s ®jr Ijr ^5 /^^ S • y) = 

ms ■ Y 0J- f ®u — ms ®T 0'dY{f) ®u — ms <8j^ / (8> ady(2). 

(5.77) 

Finally, we recall ms - Y = {m- Y^^^ )sd{Y^^^^ ) = (m • Y)s + to finish the proof. □ 

Lemma 5.4. The operator adY commutes with the horizontal operators (4.35) and 
the vertical operators (4.36). 

Proof. We start with the horizontal operators. For the first horizontal coface, we 
have 

do{adY{ms f (g) u)) = do{ms (8 adY{f u) - {m ■ Y)s / (8 «) = 
ms^l® adY{f(g) u) - {m ■ Y)s ®l® f® u = (5.78) 

adY{do{ms 'Si f u))). 

For di with 1 < i < n, the commutativity is a consequence of adY o A = A o adY 
on T. To see this, we notice that 

A(ady(/)) = A(y > /) = Y^^^m > /^^^ ® y^^^o} (y^^^ > /^^^) ^ 

= ady(/(,,) ® + /(^^ ® ady(/(,^) = ady(A(/)). 
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For the commutation with the last horizontal coface operator, we proceed as follows. 
First we observe 

adY{dn+iim5 / (g) u)) = adY{m^^^^^ (g) / S{-i>m^_^j > Ijr uW) = 

(5.80) 

Next, for any h = g Xi u E T-L and / G J^, on one hand we have 

ady(^ D> /) = adY{g{u > /)) = adY{g){u > f) + g{Yu > /), (5.81) 

and on the other hand, 

adY{h) > / = {adY{g) x\ u + g X\Yu - g X\ uY) t> f 
= adY{g){u > /) + g{Yu > f) - g{uY > /). 

In other words, 

adY{h >f) = adY{h) >f + h> adY{f). (5.82) 

Therefore we have 

m^Qj^ g) 7® a(iy(S{-i}m^_^j > 1 j-) (g) = 

'^ms ® -^^ a(iF(u{-i} )"^^_ij > Ij- (g + (5.83) 

"^{o}5 ® •^^ 5<-i>a(iy(m^_^j) t> 1^ (g) 5W . 

Recalling (5.69) and the coaction - multiplication compatibility on a bicrossed prod- 
uct, we observe that 

adY{u)i-n 0adY{u)m = S{adY{u)W) ^ adY{u)m = 
S{Y^^^{n{Y^^^>u{^}))^Y^^^mu{o} -S(U(,)W(U(2, >y«))®U(^)Wyw = 
S{um ) (g Yum + S{Y > n{i} ) (g um - S{uW ) (g) um Y, 

(5.84) 

where we have used Yi°} (g) yo} = y (g 1. This follows from [.^, y] = Z implying 
Z>Y = 0. 

By [14, Lemma 1.1] we also have S{Y > f) = Y > S{f) for any f E Hence we 
can conclude 

ady('u){-i} (g adY{u)m = adY{u{-^} ) (g uf} + n{-i} (g) ady(n{o} ), (5.85) 
which implies immediately that, 

ac?y («){-!} (g adY{u)m = adY{ui-^} ) (g uW + S{-i> (g) ac?y(S{o> ). (5.86) 
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Finally, by the right-left AYD compatibility of M over we have 

(m • ® (m • = ® m^Qj • y - adym^_^j (g) m^g^ . (5.87) 



So, adF commutes with the last horizontal coface dn+i as 

adY{dn+i{ms (8) f0 u)) = m^^j^ adY{f) u{-^}m^_^^ > Ijr (gi nW + 

®J®adY{uY-'^'im. > Ijr (g) a(iy(n){"> - 
ms ^ {-1} J ^5_gg^ 

(m • y){o}5 <^ / ® ^^^"'^ {m ■ y)^o} > ® «*°> = 

^ ^ 

dn+i{adY{ms ® f ®u)). 

It is immediate to observe the commutation aj o adY = adY o aj with the horizontal 
degeneracy operators. 

We now consider the horizontal cyclic operator. Let us first note that 

ms-f = {m- f)s, feT. (5.89) 

We then have 
adY (rims <S) f <S5u)) = 

^y((m^„, • /\,) )s ^ 5(/\„ ) • (/2 . . . ^ m^_,j > 1^ urn )) = 

s (E) adY{S{f\^^ ))-{f^...0fP®ui-^} m^_^^ > 1^ g) um )+ 

5 ® S{f\^. ) • (ady (/2 ® . . . /P) ^ ul-^} > V 50.} )+ 

1 o (5-90) 

<5 ® -^l/ (2) ) • (/^ ® • • • O ady (^{-1} )m^_^j > V )+ 

5 ® S{f\,^^ ) • (/^ (g . . . ® g) S{-i> ady(m^_jj ) > 1.F ® S^°> )+ 

5<^Sif\^^) ■ {f®...<^fP^u{-nm^_^^>l:F^adYium))- 

(m^„j ■ f\^^) ■ Y)s ® -S(/\,,) -if^.-.^r® ui-nm^_^^ > V ® Si"}). 

Next, by the commutativity of adY with the left ?{-coaction on as well as with 
the antipode, we can immediately conclude 

adY(T{ms <g / (g) u)) = 

■ f\i) )s ^ S{adY{f\^^)) • (/2 ® . . . ® /f ® S{-i} m^_^j > 1^ ® Sf} )+ 
^{0} ■ f\i) )s ® Sif\,^ ) • (ady (/2 ® . . . ® r) ® m^_,j > 1^ ® Sf} )+ 
"^{0} • f\i))s ^ S{f\,^) ■ (/2 ® . . . ® /f ® adY{u)^-nm^_^^ > 1^ ady(S)W)+ 
"^{0} • f\i) )s ® ^(/\2) ) • (/' ® • • • ® r S{-i> ady (m^_,j ) > 1^ ® } )- 
(m^.j • /\,^) • y)5 ® -S(/\,,) • (/2 ® . . . ® /f ® S{-i}m^_,j > 1^ ® uio}). 

(5.91) 

Then by the module compatibility over the bicrossed product % = F X\U,we have 
{m-Y)- f = {m- f)-Y + m-adY{f). (5.92) 



"^{0} ■ f (1) 



"^{0} ' f (1) 
"^{0} ' f (1) 
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Therefore, 

adY(T{'ms (S) f ^ u)) = 

)5 ■ adY{f\^^ ) ® S{f\,,^ ) • (/2 . . . C5 /f ® m^_^^ > 1^ ) + 
^ms • ^'(1) ^ S('^dY{f\^^)) • (/2 ^ . . . r m^_^j > V ® SCO )+ 
"^{o}5 • f\i) ^ S(f\2)) ■ HY{f (^...®n® ul-^} m^_^j > V ® SOO )+ 
^ms ■ -^'(1) ® '^(^'(2) ) • (/' ® • • • ^ Z'' ® ad>"(2)<-i> > V ® adY{u)io} y 

(m • y)^„j^ ■ f\^^ • (/2 ® . . . ® /f ^{-1} (m • y)^_,j > 1^ ® S(o} ). 

(5.93) 

Finally, by the commutativity adY o A = A o adY on T we finish as 
adY(T{ms <S) f ^ u)) = 

"^ms ■ ® S{ad{f)^^^) • (/2 ® . . . ® /f ® m^_^j > 1^ ® S{o} )+ 

"^{o}5 • ^ ) • {adY if ® . . . ® ® S{-i> m^_^j > 1^ ® )+ 

"^{0)5 • ^ '5(/\2) ) • (/' ® • • • ^ r ® ady m^_,j >1t(^ adY{u)m )- 

(m • y ^ • /\,, ® ) • (/2 . . . /P ® (m • y)^_,j > 1^ ® il{0} ) 

= ~T {adY {ms ® f ® u)). 

(5.94) 

We continue with the vertical operators. We see that 

^di o '^dY = odYo t^i, < z < n (5.95) 

are similar to their horizontal counterparts. One notes that this time the commu- 
tativity adY o A = A o adY on U is needed. 

Commutativity with the last vertical coface operator follows, similarly as the hori- 
zontal case, from the AYD compatibility on M over %. Indeed, 

adY {■\dn+i{ms ®J®u)) = adY{m^g^^ /(g) 5® mj~^) = 
"^{o}5 ® c,dY{f (g) u) (8) + "T'{o}5 ® / ®u® adY{m^_^^) 

- (m^Qj • y)^ / u (g) mj_^j = (5.96) 
"^Wj adY{f (g) S) (8) m^_-^j - (m • y){o}5 ® / <8) S (8> (m ■ y){_i} = 

t5n+i(ady(m5(8)7(2)S)). 

Finally, we show the commutativity of adY with the vertical cyclic operator. First, 
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we notice that we can rewrite it as 

trims 0/0 2) = (m^oj^ • ^x^^,) • ^-^(u^^j > Ij-) O 

(5.97) 

Therefore we have 

adY{-tT{ms ^ J® u)) = 

adY{m^^^^^ ■ u^^.^^ (g) S~^{u^^^^) > J® S{u^^^^) ■ (u^ (gj . . . (S> u'' ® In^)) = 
^ms ' '"\2) ^ > 7) «) S{u^^^^) ■ {u^ 0.. .(S)u'' 0fn^)+ 

"^ms ■ "\2) '5?' 5'-i(iii(^)) > adY{S{u^^.^^)) ■ {u^ (g).. . (g)u'? 0m^)+ 
"^{0)5 ■ ^\2) t> 7<^'S'(tt\3)) • {adY{u^ (2) . . . (g) n'') X- 777^-^) + 

"^TOi ■ ^\2) '^'S'-i(ui(^)) > f0S{u^^^^) ■ {u^ (8)...(2>u«(g)a(iy(m^_^j))- 

("^{O} ■ ^ (3) 

y)/(u\,,)®5-i(u\,,)>/®5(ui 

(5.98) 

Recalling that 

adY{h >f) = adY{h) >f + h> adY{f), (5.99) 
we then straightforwardly extend it to 

adY{h > 7) = adY{h) \>f + h> adY{f). (5.100) 

As a result, we have 
"^ms ■ ^\2) 0^^(5-1 (ni(j^) > 7) 5(^1(3^) • (n^ . . . (8)u«(8)m^_jj) = 

Next, we observe that 



m„„ , • (g) S'-i(o(iy(ni(^j)) D> / (g) ^(^^(gj) • (n^ (g) . . . (g)rt« ® m^)+ (5.101) 
m,„, , • ui(2j (g 5-i(iti(jj) D> adY(f) S{u^^^^) • («^ g) . . . (gi g) m^). 



- Ko} • ^\3)^)/(^\2) ) ^ S-\u\^^ ) > / (g 5(7i\,) ) • (n^ (g . . . ® n« ® 



(m^„j • ady(n\3)))/(u\,)) ^ 5 > / ^ '5(^^\4)) • (^^^ ® • • • ® (8 m^)- 

(5.102) 

where, 

(m ■ adY {u^^^))sS{u^-^^) = nig ■ adY{u). (5.103) 
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Therefore we have 

adY{-\-T{ms 7® u)) = 

"^{0)5 • ^\2} ^ S^'^i^^d)) > adY{f) (g) 5(^^(3^) • (n^ (g) . . . (g) n« ® m^_j J+ 
"^{0)5 ■ ^\2) 'S'"Ha'^^(^\i))) > 7® '5(1*^3)) • (n^ «) . . . <8) 
m^^j^ • adY{u\^^) > 7«' ^(^^^4)) • <^ • • • ® «^ <8) m;i;7)+ 

m^Qj^ • ® -^'H^i^i)) > 7® 5'(n^(3j) • {adY{u^ (g) . . . (g) 





-1} 




-1} 




-1} 




-1} 




-1} 



(5.104) 



Then the commutativity A o adY = adY o A on W finishes the proof as 

adY{-\T{ms (g fg u)) = 

^ ^ S~^{u^ ) \> adY {J) (g) S{u^ ) • (u^ (g . . . (g (g m,_j, )+ 



m^^j_j • adY{u^)^^.^ O S'-^(ady(u^)(^j) > 7«) S{adY{u^)^^^) • (tx^ (g . . . (g) -u^ (g m^)+ 
"^{0)5 ■'"\2) <^'5'~"^(^^\i)) >f^S{u^^^^) ■ (a(iy(u^ (g> . . . (gj-u*) (gm^)- 

■ Y\oys ■ u\,^ ® S-\u\^^) D> 7® S{u\^^) ■ (n^ (g . . . ® n« (g (m-y)^_^j) 
=tr(ady(m5 71^ ^t))- 

(5.105) 
□ 

For the generators X,Y,5i it is already known that 

adY{Y) = 0, adY{X) = X, adY{Si) = 6i. (5.106) 
We recall here the action of F G 5/2 as 

Im<Y = 0, R^<Y = R^, R^<Y = 0, R^<Y = -R^. (5.107) 
Hence we define the following weight on the cyclic complex by 

|y| = o, \x\ = i, |,5i| = i, 
|1m| = o, |ii:^| = -i, |i?^| = o, \R^\ = h 

we can express the following property of the operator adY; 

adY{ms (g) / (g> n) = \ms / (g> u\ms (g / (g n, (5.109) 
where \ms (g) / g) SI := \m\ + |/| + \u\. 



(5.108) 
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Hence, the operator adY acts as a grading (weight) operator. Extending the above 
grading to the cocychc complex 3*'*, we have 

3*'* = 03[fc]-'-, (5.110) 

kez 

where 

3[A;] = |m5i8)/(giu Im^ (g) / (2> S| = A;|. (5.111) 

As a result of Lemma 5.4, we can say that 3[^] is a subcomplex for any k e Z, and 
hence the cohomology inherits the grading. Namely, 

HP{n, Ms) = HO[k]). (5.112) 



Moreover, using Lemma 5.3 we conclude the following analogous of Corollary 3.10 
in [12]. 

Corollary 5.5. The cohomology is captured by the weight 1 subcomplex, i.e., 

H{3[l])=HP{n,Ms), H{3[k]) = 0, k^l. (5.113) 

Proposition 5.6. The odd and even periodic Hopf cyclic cohom,ology o/?^is™^ with 
coefficients in Ms are both one dimensional. Their classes approximately are given 
by the following cocycles in the Ei term of the natural spectral sequence associated 
to Ms. 

c°dd = 1 ^ e (5.114) 
c*^^*^-^ = 1®X(^Y -1®Y ®X + 1®Y ®5iY e eI'''"'''''. (5.115) 

Here, 1 := \m ® 

Proof. We have seen that all cohomology classes are concentrated in the weight 1 
subcomplex. On the other hand, Ei term of the spectral sequence associated to the 
above mentioned filtration on Ms is 

E{\n, Ms) = W+i{C{U K F, FjMs/Fj_iMs)), (5.116) 

where FqMs/F_iMs = FqMs, FiMs/FqMs ^ Q and Fj+iMs/FjMs = for j > 1. 
Therefore, 

E^/{n,Ms) = 0, El'\n,Ms) = W{C{U^T,Cs)), Ei^\n,Ms) = 0, j>l. 

(5.117) 

So the spectral sequence collapses at the E2 term and we get 

E°'\n, Ms) = E^Jin, Ms) = 0, (5.118) 
EY{n,Ms) ^ E]i{n) = FiH\C{U X T,Ms))/FqH\C{U K T,Ms)), (5.119) 
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and 

Ei'\n,M5) = E^;^{H,Ms) = 0, j>2. (5.120) 
By definition of the induced filtration on the cohomology groups, we have 

FiW{C{U^T,Ms)) = W{C{U^T,FiMs)) = 

and 

FoH\C{U K T, Ms)) = H\C{U X ^, FqM^)) ^ 
W{W{sl2,FoM)) = 0, 

where the last equality follows from the Whitehead's theorem. □ 

5.3.1 Construction of a representative cocycle for the odd class 

In this subsection we first compute the odd cocycle in the total complex Tot* {T, U, Ms) 
of the bicomplex (4.40). Let us recall the total mixed complex 

Tof{J^,U,Ms):= Ms®F®P ®U®'i, (5.123) 

p+q=» 

with the operators 

P+l g+l 

i=0 i=0 p+q=n 

Bp = (|;(-l)(^'-^)*/)ap-ir, = (|](-l)('/-i)^ fr*) ta,_i fr, (5.125) 

i=0 i=0 

Sr= E Bp + {-l)P^B^. 

p+q=n 

Proposition 5.7. Lei 

c' --l^SieMs^T (5.126) 

c'" := ® X + 2R^ y G ® Z^. (5.127) 
is a Hochs child cocycle. 
Proof. We start with the element (/ := 1 (5i G J^. 
The equality t^(c') = is immediate to notice. Next, we observe that 



b (c') = -R^ (g)Si^X - TO" ®Si0Y 
=t6(R^®X + 2R^(8)y). 



= -R^ o 5i X + R^ 5i y + R^ (g) y - R^ (g) ^ y - 2R^ o 5i ® y 



(5.128) 
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So, for the element c'" := BX<^X + 2K^(^Y eMs^U, we have b{cf)- t6(c'") = 0. 
Finally we notice b (c'") = 0. □ 

Proposition 5.8. The element c' + c'" £ Tot^{T,U, Ms) is a Cannes cycle. 

Proof. Using the action of J- and U on Mg, we directly conclude that on one hand 
side we have tB{c') = R^, and on the other hand B{c"') = -R^. □ 

Our next task is to send this cocycle to the cyclic complex C^{'H, Ms). This is a 
two step process. We first use the Alexander-Whitney map 

AW := AWp,q:Tot''{J^,U,Ms)^r''', (5.129) 

p+q=n 



AWp,q : J^'^P ® Z^^« W^P+'i 

AWp,g = (-l)P+ nao t9o . . . W ndn-i . . . dp+i . 

p times 

to pass to the diagonal complex '^*'*{T-L,T,Ms). It is checked that 

AWifiic') = -1 ® 5i (g) 1 - R-^ O 5i (g) - R^ (g) (5i ® y, (5.130) 

as well as 

AWa^i{d") = -R^ ® 1 (g) X - 2R^ (g 1 (g) F. (5.131) 
Summing them up we get 

Cdfag := ®5i®X ®5i®Y ®mX-2'K^ ®mY. (5.132) 

Finally, via the quasi-isomorphism 

^ ■.y''{n,T,Ms) ^c'{H,Ms) 

^{m (g) ig) . . . (g) /" (g) «^ g) . . . (g) n") 

= ^ m ® ►<] tx\o> ® f'^\i) ^ ^^o> ® • • • ® ^^'^^^"^ 
® . . . ® ru\^_,^ . . . n"-\^^ tx", 

which is recalled from [15], we carry the element c°f^^g € 3^'^{n,T, Ms) to 

c"'^'^ = -(l0Si+R^^X+K^^6iX+K^^SiY+2R^®Y^ eC^{H,Ms). (5.134) 
Proposition 5.9. The element c"'^'^ defined in (5.134) is a Hochschild cocycle. 
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Proof. We first calculate its images under the Hochschild coboundary b : C^{'H, Ms) — )■ 

6(1 (2> = 1 (2> 1^^ (2> 5i - 1 (g) A{Si) + l(g)(5i(2>l + R^(g)(5i(8>y + R^(g)(5i(2>X 
= (g) (5i (8) y + (g) (5i (g) X, 

6(R^ O X) = R^ «) 1-H ® X - R^ (g) A{X) + R^ (g) X (g 1-H + R^ (g X (g (5i 
= R^ X (g (5i - R^ (g) y (g) 5i, 

6(R^ ® SiX) = R^ 1-^ ® 5iX - R^ ® A((5iX) + R^ ® SiX ® 1-?^ 
= -R^ ® (5i (g X - R-^ (g (5iy (g (5i - R^ (g X (g (5i - R^ y (g) 

6(R^ (g) diY) = R^ ® 1-^ (g) (5iy - R^ (g) A(5iy) + R^ ® (5iy ® 1-^ + R^ ® (5iy ® Si 

= R^ (g (5iy (g 5i - R^ (g) (5i (g y - R^ (g y (g) 5i , 
6(R^ y) = R^ 1-H y - R^ ® A(y) + r^ (g y ® i-^ 
+ R^ y 5i + ^R^ y 

= R^ ® y ® (5i + ^R^ ® y ® 

(5.135) 

Now, summing up wc get 

6(1 ® (5i + R^ X + R^ (g) SiX + R^ ^ly + 2 • R^ ® y) = 0. (5.136) 

□ 

Proposition 5.10. The Hochschild cocycle c°'^'^ defined in (5.134) vanishes under 
the Connes boundary map. 

Proof. The Connes boundary is defined on the normalized bi-complex by the for- 
mula 

n 

5 = ^(-l)'^V^o(7_i, (5.137) 

1=0 

where 

a-i{ms (g /i^ . . . (g> /i"+^) = ms ■ h^^,^ ^ Sih^^^^) • (/i^ ® . . . /i"+^) (5.138) 

is the extra degeneracy. Accordingly, 

5(1 (g (5i + R^ ® X + R^ ® SiX + R^ (5iy + 2 ■ R^ ® y) = 
1 ■ (5i + R^ ■ X + R^ • (5iX + R^ • (5iy + 2 • R^ • y = (5.139) 
- = 0. 

□ 
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5.3.2 Construction of a representative cocycle for the even class 
Proposition 5.11. Let 

c:=l(g)X(S)Y-l(S)Y(S)X-R^(E)XY®X-K^0Y®X^ + K^®XY®Y 
+ ^X ®Y^ -R^ ®Y ®X e Ms®U^'^ 

(5.140) 

and 

c" := -R^ (g) 5i XY^ + -R^ (^Y^ + -BX ^Si^Y^ 

1 1 ^ (5.141) 

- -R^ (5i^ - -R^ (8) (5i ® eMs®T®U. 

Then c + c" € Tot^{F,U, Ms) is a Hochschild cocycle. 
Proof. We start with the element 

c:=l^X(S)Y-l(E)Y(S)X-R^<^XY^X-K^^Y^X^ + K^^XY^Y 
+ R^ (g) X (8) y2 - R^ (8) y (8) X. 

(5.142) 

— ^ 

It is immediate that 6 (c) = . To be able to compute t^(c), we need to determine 
the following J^-coaction. 

R-^ (8 (Xy){-i}X{-i} (8) {XY)f>} (8 Xf} 

+ R^ (8) (x2){-i} ® y ® (x2){o} - R^^^j (8) R^^_,j(xy){-i} (xy){o} ® y 

- R^^.j ® R^^_^jX{-i} ® Xm ® y2 + R^^^j ® R^^_^jX{-i} ® y ® X{o} . 

(5.143) 

Hence, observing 

j{X^) = {X^)m ® (X2){i} =X^^^mxm ^X^^^w{X^^^ >X{n) 

1 (5.144) 

= (8) 1 + 2Xy (8 (5i + X (8) (5i + y2 (8) + -y (^i2^ 

and 

J{XY) = {XY)f>} <^{XY)W = XmY^XW , Xy i-^- Xy (8 1 + y^ (8 (5i , (5.145) 
we have 

t6o(c) = -R^ ® 5i (8) y^ ® X - R^ (5i ® xy ® y + R^ ® ® y^ y 
- 2R^ (8) (5i (8 y <8 xy - R-^ (8 5i (8) y (8 X + R^ (8) (8 y <8 y^ 

+ ^R^ ® (8 y «) y - R^ ® 5i (8 xy (8 y + R^ (5i (8 y2 ® y 

+ R^ (8 (51^ y^ y - R^ ^ 5i X ® y2 + R^ ® 5i (8 y y^ 

+ R^ (Ji^ y y2 + R^ (8) 5i y X - R^ (5i (8) y (8) y - R^ (51^ (8 y (8 y 

(5.146) 
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It is now clear that 




(5.147) 



Therefore, for the element 




(5.148) 



we have b (c")+ t*(c) = 0. 
Finally we observe that, 





(5.149) 



□ 



Proposition 5.12. The element c+d' G Tot^(J',^, M^) vanishes under the Cannes 
boundary map. 

Proof. As above, we start with 



+ X (^Y"^ - By (^Y X. 



To compute B, it suffices to consider the horizontal extra degeneracy operator 
a -I := uiT . We have. 



a_i(l ®Y®X) = 1- Y^^^ (g) S{Y^^^^)X = 1® X -l^YX = XY. (5.152) 

Therefore we proved that a_i(l ® X ®Y — 1 ®Y ® X) = 0. For the other terms 
in c G Ms <8) U® ^ we proceed by 

a_i(R^ ® ® X) = R^ • x^^^y^^, ® s{Y^^^)s{x^,^;)X 

= R^ • (8) X + R-^ (8) YX'^ - R^ • X FX - R^ • y (g) (5.153) 
= R^ (8) Xy + R-^ (8) YX"^ - 2R^ ® X^, 



(5.150) 



a_i(i®x®y) = 5(X(^j)y = -i®xy, 



(5.151) 



and 
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cr_i(R^ (2> (8) F) = • (8) y + (8) YXY - BX ■ X ®Y'^ - BX - Y XY 

= R^ ® + R^ ® 

(5.154) 

a-i{K^ CxD y ® X^) = 2R^ (g) - R^ ® YX^, (5.155) 
a_i (R^ ® X (8 y2) = -R^ ® y2 - R^ (8 XY'^, (5.156) 

and finally 

a_i(R^ ® y ® X) = R^ (8) X - R^ (8) yX = -R^ ® Xy. (5.157) 
This way we prove 

a-i{-K^^XY^X-K^^Y(^X^+K^^XY^Y+K^(^X^Y^-K^(^Y^X) = 0. 

(5.158) 

— > 

Hence we conclude that B(c) = 0. 

Since the action of 6i on FqMs = c/R'^,R^,R^\ is trivial, we have t5(c") = 0. 



The horizontal counterpart S(c") = follows from the following observations. First 
we notice 

(R^ (8 (5i^) • y = R^ • y(,) ® S{Y^^^ )^Si^ = 0, (5.159) 

and secondly, 

(R^ ® (5i) • y = R^ • y^^, ® ^(y^^) ) > 5i = o. (5.160) 

□ 

Next, we send the clement c + c" G Tot'^{T,U, Ms) to the cyclic complex C{T-L, Ms). 
As before, on the first step we use the Alexander- Whitney map to land in the 
diagonal complex '5{'H,T,Ms). To this end, we have 

AWo,2ic) = t^o t5o(c) 

= l(8l(8l(8)X(8)y-l(8)l(8l(8)y(8)X-R'^(8)l(8)l(8) XY ® X 
-R^(8)l8)l8)y(8X2-|-R^(8l(8l(8) XY (8)y + R^(8l®l(8)X(8y^ 

-R'^'^i^i^y^x, 

(5.161) 

and 

AWi,i{c) = t5o^i(c) 

2 1 

= -R^ (8 1 (8 <5i (8 XY^ (8 1 + 77 R^ (8 1 (8 (8 y^ 1 + -BX (g) 1 (8 (8) y ^ (8) 1 



- ^R-^ (8) 1 (8 (8) y^ (8) 1 - ^R^ (8) 1 (8 (5i (8) y^ (8) 1. 



(5.162) 
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As a result, we obtain the element 

-R^(g)l(8)l®y(g)X^ + R^(8)l(8)l® XY i^Y + <S 1 <^ 1 X i^Y^ 

2 

-R^(g)i(g)i®y®x-R^(g)i(g)5i® R,^ (g) 1 (g) (^1^ ® y3 ^ ]_ 

o 

+ ^R'^ (8)l(8)(5i(8>y^0l - ^R^ (8) 1 (g) (5i^ (8) y^ (8) 1 - ^R^ (g) 1 (5i (g) y^ (g) 1. 
3 4 2 

(5.163) 

On the second step, we use the map (5.133) to obtain 

geven _ ^ [c^l^) = 1 ® X (g) Y - 1 Y X + 1(g) Y (g) 6iY - XY X 

-R^ ^Y'^ ®6iX -R^ ^Y ®X^ + ®XY 0Y + ®Y^ ^5iY 

+ R^ X y2 + R^ ^ y ^ 6iY^ -R^®y®x-R^(g xy^ (g (5i 



-R^ ® y^ ® + -R" ^Y^06i- -R^ y^ ® - -R" ® y' 

O O 41: ^ 

(5.164) 

in C^{n,Ms). 

Proposition 5.13. The element d^^^"^ defined in (5.164) is a Hochschild cocycle. 
Proof. We first recall that 

6(i(gX(gy-i(gy(gx + i(gy(g SiY) = 

-R^(gX(gy(gx-R^(gX(gy(gy + R^(gy(gX(gx + R^(gy(gX(gy 

- R^ (g y (g 5iy (g X - R^ (g y (g (5iy (g y. 

(5.165) 

Next we compute 

6(R-^ (g)XY(g)X) = -R^ ^X(gY(gX-R^ ®Y(g)X(^X-R^ (g)Y'^^6i(g)X 
-R^ (gY ^6iY ^X + R^ ^XY 0Y 0Si, 

b{R^ 0Y^(g) 5iX) = -2R^ (^Y 0Y (^SiX + R^ ®Y^ ®6i^X + R^ ^Y'^ ^X 

+ R^ y2 (5iy «) + R^ y2 y di'^, 

b{R^ (g y (g x^) = 2R^ (gy(gX(gx + R^(gy(gxy(g(5i + R^(gy(gy(gX(5i 
+ R^ (g y (g yx (g + R-^ (g y (g y (g + R^ (g y (g y2 (g Si^, 

b{R^ (g Xy ® y) = -R^ ®X0Y^Y -R^ ®Y®X0Y -R^ ^Y^^Si^Y 

- R^ ® y ® (5iy (g y - R^ xy ® y ® 

b{R^ ^ y^ (g 6iY) = -2R^ y y (5iy + R^ y2 (5i (g y + R^ (g y2 (g y (g 5i 
-R^®y2(g(^iy(g5i, 

(5.166) 
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as well as 

6(R^ ® X (8) y^) = -R^ y (5i ® y2 + 2R^ ®X^Y^Y-R^®X®Y^(^5i, 

6(R^ ® y SiY^) = (g) y (g) (5i ® y^ + R^ o y (g) y2 (5i + 2r^ ^y^SiY^y 
+ 2R^ (g) y (g) y (g) (^ly - R^ ® y d^Y^ ^ Si, 

b{By (g) y (g) X) = R^ (g) y (g) y (g) 5i - R-^ (g) y (g) X (g) 

6(R^ ® xy2 (g) = -R^ (g) X y2 ® (5i - R^ ® y2 ® X ® (5i - 2R^ (g) xy ® y (g (5i 
- 2R^ (g) y (g xy (g 5i - 2R^ ® y2 (g) (5iy ^ (5i - r^ ^ y^ (g 5i (5i 
-R^(gy(g(5iy2(g),5i, 

6(R^ y3 (g) (^1^) = -3R^ (g y2 ® y (g) - sr^ (g y (g y^ (g (^i^ + 2R^ ^y^^Si^s^, 
biBX (g) y^ (g 5i) = -3R^ (g) y^ (g y (g) (5i - 3R^ y y^ (5i - r^ y^ (g 5i 
6(R^ y^ = -2R^ y y (Ji^ + 2R^ y^ 5i Si, 
b(R^ y2 di) = -2R^ y y 5i - R^ y2 5i 

(5.167) 

Summing up, we get the result. □ 

Proposition 5.14. The Hochschild cocycle c^^^° defined in (5.164) vanishes under 
the Cannes boundary map. 

Proof. We will first prove that the extra degeneracy operator ct-i vanishes on 

c:=i0X0y-i0y0X + i0y0(5iy-R^0xy0X 

- R^ y^ (5iX - R^ y + R^ xy y + R^ y^ (5iy (5.168) 

+ R^ X y2 + R^ y (5iy2 - r^ y x g c^{n, Ms). 
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We observe that 

(T_i(l ®X^Y-1^Y®X + 1®Y® 6iY) = 0, 

c7_i(R^ ® Xy X) = (g) Xy + X^Y - R^ (g) 6iXY^, 
c7_i(R^ ® (8) SiX) = R^ ® (5iXy^ 
(7_i(R^ ® F ® X^) = -R^ ® x^y, 

c7_i(R^ ^ xy (g) y) = R^ (g) y2 + xy^ - r^ (g ^ly^ (5.i69) 

c7_i(R^ y^ ® 5iy) = R^ ® ^ly^ 

(7_i(R^ ® X ® y2) = -R^ ® y2 - R^ ® xy2 + r^ ® SiY^, 

c7_i(R^ ® y g) (5iy2) = -R^ (5ly^ 

c7_i(R^ (g y (g X) = -R^ (g xy 

As a result, we obtain (7_i(c) = 0. On the second step, we prove that Connes 
boundary map B vanishes on 

c" := -R^ ® xy2 ® 5i - 1r^ y3 g) (ji^ + ^R^ g) y3 ® (5i 

1 ^ (5.170) 

- -R^ ® y2 (g (Ji^ - -R^ (g y2 (g ,5i e C2(^, M^). 

Indeed, as in this case B = (Id— r) o c7_i, it suffices to observe that 
(7_i(R^0Xy2(g<5i) 

= -R^ (g SiY'^ - R^ (g (5iXy2 - 1r^ ® 5i2y2 + ® Si^Y^, 
a_i(R^ y3 ® = -R^ (g (^i2y3, 

(5.171) 

a_i(R^ (g y^ (g 5i) = -R^ (g SiY^, 
(7-1 (R^ (g y2 (g (51^) = R^ (g Si'^Y'^, 
a_i(R^ (g y2 (g (5i) = R^ ® diY^, 
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together with 
r(R^ ® (5iy2) = -R^ (g) SiY"^ - R^ (g) S^^Y'^, 

r(R^ (Ji^y^) = R^ (g 5i^Y'^, 

r(R^ (g = R^ (g 5iY^ + R^ (^i^F^ 

r(R^ ® 5i^Y) = -R^ ® (Ji^y, 

t(R^ (g = ^ ^^2y3^ 

r(R^ ® (5iXy2) = R^ (g (5iy2 + R^ ® (JiXF^ + ^R^ ® 5i^Y'^ - R^ (g 

(5.172) 
□ 

We summarize our results in this section by the following theorem. 

Theorem 5.15. The odd and even periodic H op f cyclic cohomology of the Schwarzian 
Hopf algebra His^""^ with coefficients in the 4- dimensional SAYD module Mg = 
5(5/2*) [2] 0,1"^ given by 

HP°'^'^{'His''°'^,Ms) = C^l (g (5i + R^ (g X + R^ (g 6iX + bX ^ d^Y + 2R^ ® 

(5.173) 

and 

_g-peven^^^gCop^ M^) = c^i (gx®y-i(gy®x + i«)y«)(5iy-R^®xy®x 

- R^ y2 (g <5iX - R^ (g y (g x^ + R^ (g xy y + R^ y2 <5iy 
+ R^ ® X ® y2 + R^ (g y (g diY^ -R^«)y«)X-R^® xy^ (g 6i 

- ^R^ (g y3 «) + ^R^ i^Y^^Si- y2 61'^ - <^Y^^di). 

O O 4i I 

(5.174) 
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